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Introduction 

This is Part II of the series that began with [Chi] - and the reader is assnmed to be 
familiar with Part 1. References to resnlts in Part I will be made by prehxing a “I” to the 
number of the cited result. Thus, for example, lemma 1.3.12 is Stellmacher’s splitting 
lemma. 

Let (£, A, S) be a locality. There is then a category T = - the “fusion system” 

of £ - whose objects are the subgroups of S', and whose morphisms are compositions of 
conjugation maps Cg : X ^ Y from one subgroup of S into another, induced by elements 
g E C. We say that £ is a locality on T. 

There is an extensive theory of abstract fusion systems and, more particularly, of 
“saturated” fusion systems. The references by Craven [Cr], and by Aschbacher, Kessar, 
and Oliver [AKO] provide far more material than will be needed here. In fact, we shall 
provide a self-contained treatment of fusion systems, up to a certain point. Thus, there 
will be introductory material in sections 1 and 2, but then in section 6 we shall make use 
of some powerful theorems from [5a], and exploit some arguments from [He2], in order 
to obtain the main results we shall need concerning fusion systems of localities. The 
material at the beginning of section 1, through dehnition 1.8, is all that is required in 
order to put in place the notion of “proper locality” (It should be mentioned that the 
dehnition of “radical” subgroup in 1.8 is different from the usual one.) 

The locality (£, A, S) on X is dehned to be proper if, hrstly, A is not too small - the 
technical condition being that A should contain the set of all subgroups of S which 
are both centric and radical in X. Secondly (and lastly), what is required is that all of 
the normalizer groups Nc{P) for P G A should be of characteristic p - where one says 
that a hnite group G is of characteristic p if Cc{Op{G)) < Op{G). It turns out (see 
Proposition 2.9) that if £ is an arbitrary locality for which A is not too small in the 
above sense, and also not too large, then £ has a canonical homomorphic image which 
is a proper locality on X. 


1 


Typeset by AM'S-TTX 


We shall be concerned here almost exclnsively with proper localities, with the aim of 
providing the technical back-gronnd for the main theorems in Part III. Three qnestions 
need to be addressed, concerning the fnsion system T” of a proper locality (£, A, S). 

(1) Can one determine all of the proper localities on np to isomorphism ? 

(2) If C and C' are proper localities on then what is the relationship between the 
set 9T(£) of partial normal snbgronps of C and the set 9T(£') of partial normal 
snbgronps of C' ? 

(3) What special properties does T possess, by virtne of its being the fnsion system 
of a proper locality ? 

The answers are given by Theorems Al and A2, and by the resnlts on fnsion systems in 
section 6. In order to state these resnlts we need the following terminology. 

A non-empty collection T of snbgronps of S is -closed if Q G T whenever there exists 
an J^-homomorphism (p : P ^ Q for some P G T. It will be shown in 6.- that the set 
of P-snbcentric snbgronps of S (dehned in 1.8) is P-closed. 

Definition. Let (£, A, S) be a locality on P = Ps{C). Then C is proper if: 

(PLl) P G A for every snbgronp P of A snch that P is both centric and radical in P. 
(PL2) The gronps Nc{P) for P ^ A are of characteristic p. 

Let (£, A, S) is a proper locality on P. Lemma 2.8 will show that A is necessarily an 
P-closed snbset of P^. It is a straightforward exercise with the dehnitions (see lemma 
2.11) to show that if Aq is an P-closed snbset of A containing P^^, then there is a nniqne 
proper locality (£o, Aq, S) on P snch that the partial gronp Cq is a snbset of £. We shall 
call £o the restriction of C. Theorems Al and A2 concern the opposite sort of operation, 
by which one expands, rather than restricts, the set of objects. 

Theorem Al. Let (£, A,5') he a proper locality on P and let A+ he an P-closed col¬ 
lection of subgroups of S such that A C A+ C p®. 

(a) There exists a proper locality (P"*", A"*", A) on P such that C is the restriction 
P"*" |a of CP to A. Moreover, P+ is generated hy C as a partial group. 

(b) For any proper locality (P, A+,5') on P whose restriction to A is C, there is a 
unique isomorphism P+ —)■ P which restricts to the identity map on P. 

Recall that a partial snbgronp A/” of a partial gronp P is normal in P (or is a partial 
normal subgroup of P, denoted A/” < P) if := g~^xg G Af for all x E Af and g E C 
for which the prodnct g~^xg is dehned. Recall also: for any partial gronp P and any 
snbset X of P, {X) is dehned to be the intersection of the set of partial snbgronps of P 
containing X. The intersection of partial snbgronps is again a partial snbgronp by 1.1.8, 
and {X) is called the partial snbgronp generated by X. 

Theorem A2. Let the hypothesis and notation be as in Theorem Al, let Af be a partial 
normal subgroup of C, and set T = S OAf. Let X := Af^^ he the set of all elements of 
P+ of the form f^, where f E Af, h E CP, and where the product f^ = h~^ fh is defined 
in P+. Let Af^ = {X) be the partial subgroup of C~^ generated by X. Then: 

(*) AA+ < P+ and P fi AA+ = Af. In particular S (lAf^ = T. 
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Further, the mapping Af t—)■ J\f+ is a bijection from the set of partial normal subgroups 
of C to the set of partial normal subgroups of CF, and the inverse mapping is given by 
J\f+ ^ cnJ\f+. 

The notions of fnlly normalized snbgronp V of iF, the fnsion systems Nj^{V) and 
Cj^iy), and of a fnsion system being (cr)-generated, are given in 1.4 and 1.10. 

Theorem B. Let T be the fusion system of a proper locality (T, A, S), and let V be a 
subgroup of S such that V is fully normalized in T. Then the following hold. 

(a) For each -conjugate U ofV, there exists an jF-homomorphism (f : Ns{U) S 
such that U(f> — V. 

(b) Both Nj^iy) and Cj^y) are {cr)-generated. 

The proof of Theorem B is given in section 6 (where it appears as Theorem 6.1), and 
relies on a fnll panoply of deep resnlts concerning so-called “satnrated” fnsion systems. 
Indeed, the proof consists in hrst showing that jF is satnrated, and in then obtaining (a) 
and (b) as corollaries to the known resnlts. This is not an entirely satisfactory approach, 
for two reasons. The hrst is that the notion of satnrated fnsion system will play no 
role whatsoever in this series, other than in its role in the proof of Theorem B. Since 
the conditions (a) and (b) in Theorem B tnrn ont to be the key properties of B, rather 
than the conditions dehning satnration, we wonld have preferred to omit the notion of 
satnrated fnsion system altogether. 

The second reason is that, as mentioned in the introdnction to Part I, this series 
of papers concerns only the “hnite case” of a mnch more general, parallel series being 
prepared with Alex Gonzalez, and for which the standard notion of “satnration” tnrns ont 
to be inappropriate. A proof of a generalized version of Theorem B from hrst principles 
will be carried ont in the parallel series, bnt it is not easy to justify burdening the reader 
with such a proof here. 

Readers who are willing to accept Theorems A and B can, if they wish, ignore the 

proofs (sections 3 through 5, and the beginning of section 6, through 6.3) entirely. The 

remainder of section 6 concerns the set of subcentric subgroups, where jF is the 

fusion system of a proper locality. This material is essentially taken from Henke’s work 

[He2] (where the focus is on saturated fusion systems). Since section 1 is largely a 

review of basic material on fusion systems, there will be readers who may wish to simply 

skim, or even skip, section 1. For those readers we should mention that there are a 

few notions pertaining to fusion systems in general which have been reformulated here. 

In particular, the dehnition of “centric radical” subgroup given here in 1.8 is not the 

standard one (though it is equivalent to the standard dehnition in the case of a saturated 

fusion system). With this small proviso concerning section 1, readers who are in a hurry 

to get to the meat of things in Part III are advised to read section 2 for the basic material 

on proper localities, and to then skip ahead to the hnal section 7. Section 7 concerns the 

/ 

notions of O^yM) and 0^1^ (A/") for M a partial normal subgroup of a proper locality £. 


Section 1: Fusion systems 
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We begin this section by providing a brief snmmary of some of the terminology, and 
some of the basic resnlts, pertaining to general fnsion systems. Some of the dehnitions 
are non-standard, bnt tnrn ont to be eqnivalent to the standard dehnitions in the case 
of the fnsion system of a proper locality. 

Definition 1.1. Let S' be a hnite p-gronp. A fusion system on S is a category, whose 
set of objects is the set of snbgronps of S, and whose morphisms satisfy the following 
conditions (in which P and Q are snbgronps of S). 

(1) Each J^-morphism P —)■ Q is an injective homomorphism of gronps. 

(2) If 5 f G S and < Q then the conjngation map : P —)■ Q is an P-morphism. 

(3) If (/): P —)■ Q is an P-morphism then the bijection P —)■ Im{4>) dehned by f is an 
P-isomorphism. 

One most often refers to P-morphisms as P-homomorphisms, in order to emphasize 
condition (1). Notice that (2) implies that all inclnsion maps between snbgronps of S 
are P-homomorphisms, and hence the restriction of an P-homomorphism P ^ Q to a 
snbgronp of P is again an P-homomorphism. 

Let G be a hnite gronp and let A be a p-snbgronp of G. There is then a fnsion system 
P = Ps{G) on S in which the P-homomorphisms P Q are the maps Cg : P ^ Q given 
by conjngation by those elements g & G for which P® < Q. 

Definition 1.2. Let P be a fnsion system on S, and let P' be a fnsion system on S'. 
A homomorphism a : A —)■ 5" is a fusion-preseving (relative to P and P') if, for each 
P-homomorphism f : P ^ Q, there exists an P'-homomorphism '0 : Pa —)■ Qa snch 
that a \p o^/; — (f) o a \q. 

Notice that each of the P'-homomorphisms '0 in the preceding dehnition is nniqnely 
determined, since all P'-homomorphisms are injective. Thns, if a : A —)■ 5" is a fnsion- 
preserving homomorphism then a indnces a mapping Homp{P, Q) —)■ Homp'{Pa^ Qct), 
for each pair (P, Q) of snbgronps of S. The following resnlt is then easily verifed. 

Lemma 1.3. Let P be a fusion system on S, let P' be a fusion system on S', and let 
a : S ^ S' be a fusion-preserving homomorphism. Then the mapping P i—)■ Pa from 
objects of P to objects of P', together with the set of mappings 

ap^Q : Homp{P,Q) -)■ Hompi{Pa,Qa) {P,Q < S) 
defines a functor a* : P ^ P'. □ 

In view of the preceding resnlt, a fnsion-preserving homomorphism a may also be 
called a homomorphism of fusion systems. Notice that the inverse of a fnsion-preserving 
isomorphism is fnsion-preserving, and is therefore an isomorphism of fnsion systems. 

In the special case where S < S' and the inclnsion map S ^ S' is fnsion-preserving, 
we say that P is a fusion subsystem of P'. Thns, PsiS) is a fnsion snbsystem of P for 
each fnsion system P on S, by 1.1(2). We refer to PsiS) as the trivial fusion system on 
A. 
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If is a fusion system on S and P is a subgroup of S, write for the set of subgroups 
of S of the form P(j)^ (f) G P[omj^{P, S). The elements of P^ are the P-conjugates of P. 

For the remainder of this section let P be a hxed fusion system on the hnite p-group 

Definition 1.4. Let P < *5 be a subgroup of S. Then P is fully normalized in P if 
|-^s(-P)| > |-^s(-POI P' ^ ■ Similarly, P is fully centralized in P if |C' 5 (P)| > 

I P's (P') I for all P' e P^. 

Let U < S' be a subgroup of S. The normalizer Njr(U) of P in P is the category 
whose objects are the subgroups of Ns{U), and whose morphisms P ^ Q {P and Q 
subgroups of Ns{U)) are restrictions of P-homomorphisms (j : PU —)■ QU such that 
Ucf) = U. Similarly, the centralizer Cj^{U) of P in P is the category whose objects 
are the subgroups of Cs{U) and whose morphisms 4> : P ^ Q are restrictions of P- 
homomorphisms (f) : PU QU such that (f) induces the identity map on P. One observes 
that Nj^{U) is a fusion system on Ns{U) and that Cj^{U) is a fusion system on Cs{U). 
The following result is immediate from 1.3. 

Lemma 1.5. Let U,V < S be subgroups of S, and suppose that there exists an P- 
isomorphism a : Ns{U) —)■ Ns{V) such that Ua = V. Then a is an isomorphism 
Ap(P) —)■ Nj^iy). Similarly, if (3 : Cs{U)U —)■ Cs{y)V is an P-isomorphism such that 
U(3 — V , then the restriction of (5 to Cs{U) is an isomorphism Cj^{U) —)■ Cj^iV). □ 

Definition 1.6. Let T be a subgroup of S. Then T is weakly closed in P if = {T}, 
strongly closed in P if is a set of subgroups of T for each subgroup X of T, and 
normal in P if P = Nj^{T). 

The following result is immediate from the dehnitions. 

Lemma 1.7. If U and V are subgroups of S which are normal in P then also UV is 
normal in P. Thus, there is a largest subgroup Op{P) of S which is normal in P. □ 

A set A of subgroups of S is P-invariant if A G A X^ C A. An P-invariant 
set A of subgroups of S is P-closed if A is non-empty and is closed with respect to 
overgroups in A (P G A and P < Q < S Q G A). 

Definition 1.8. Let P be a fusion system on S, and let P < A be a subgroup of S. 

(1) P is centric in P (or P is P-centric) if Cs{Q) < Q for all Q G P^. 

(2) P is radical in P (or P is P-radical) if there exists Q G P^ such that Q is fully 

normalized in P and such that Q = Op{Nj^{Q)). 

(3) P is quasicentric in P (or P is P-quasicentric) if there exists Q G P^ such that 
Q is fully centralized in P and such that Cj^{Q) is the trivial fusion system on 

CsiQ). 

(4) P is subcentric in P (or P is P-subcentric) if there exists Q G P^ such that Q is 
fully normalized in P and such that Op{Nj^{Q)) is centric in P. 
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Write and respectively, for the set of subgroups of S which are J^-centric, 

J^-quasicentric, and J^-subcentric. Write for the set of subgroups of S which are 
both centric and radical in J^. 

Remark. The above dehnition of J^-radical subgroup is different from the standard one 
(which is that P is J^-radical if Inn{P) = Op{Autj^{P))). But it will turn out to be 
equivalent to the standard dehnition in the case that P is the fusion system of a proper 
locality. 

Lemma 1.9. Let P be a fusion system on S. Then P^'^ is P-invariant, and P^ is 
P-closed. 

Proof. Both P'^ and P^'^ are J^-invariant by dehnition. Let P G P^, let P < Q < S, and 
let (/) : Q —)■ *5 be an J^-homomorphism. Then Cs{Q<f) < Cs{P<f) < P<f < Qf), and so 
Q G P^. Thus P^^ is closed with respect to overgroups in S. As S E P^ it follows that 
P‘^ is J^-closed. □ 

Lemma 1.10. Let P < S be a subgroup of S and let Q G P^ such that Q is fully 
centralized in P . Then P G P^ if and only if Cs{Q) < Q- 

Proof. Suppose that Cs{Q) < Q and let R G Q^. Then 

\cs{R)\<\csm = \zm = \z{R)i 

and so Cs{R) = Z{R). That is, Cs{R) < R, and thus Q is J^-centric. As P^ is P- 
invariant by 1.9, P is then J^-centric. That is: 

CsiQ) <Q ^ PE PL 

The reverse implication is given by the dehnition of P^. □ 

Let T be a non-empty set of J^-isomorphisms. Then P is generated by T if every 
J^-isomorphism can be expressed as a composition of restrictions of members of T. We 
may write = (T) in that case. An important special case is that in which 

(*) ^ = {\J{AutAR)\RePn- 

We say that P is (cr)-generated if (*) holds. 

Definition 1.11. Let be a fusion system on S, and let T be an J^-closed set of 
subgroups of S. Then is T -inductive if: 

(*) For each Lf E T, and each V E such that V is fully normalized in P, there 
exists an J^-homomorphism (f) : Ns{U) -E Ns{V) with Ucf) — V . 

If P is T-inductive where T is the set of all subgroups of S, we shall simply say that P 
is inductive. 
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Lemma 1.12. Let G be a finite group, let S be a Sylow p-subgroup of G, and set T = 
TsiG'). Then if is inductive, and IF is {cr)-generated. 

Proof. Let V be fully normalized in F. Equivalently: Ns{V) G Sylp{NG{V)). Let 
U E , and let g E C with = V. Then Ns{U)^ < Ng{V), and there then exists 
h E Ng{V) with Ns{Uy^ < Ns{V). Thus F is inductive. That F is (cr)-generated is a 
well-known consequence of the Alperin-Goldschidt fusion theorem [Gold]. □ 

The next few results provide information about inductive fusion systems. All of these 
results can be re-stated (and proved) in an obvious way, so as to yield corresponding 
results about T-inductive fusion systems. 

Lemma 1.13. Assume that F is inductive, and let V < S be fully normalized in F. 
Then V is fully centralized in F. 

Proof. Let U G , and let : Ns{U) -E- Ns{V) be an J^-homomorphism such that 
V = Ucf). Then maps Gs{U) into GsiV), and thus |G5(17)| < |G 5 (G)|. □ 

Lemma 1.14. Assume that F is inductive, and let U and V be F-conjugate subgroups 
ofS. 

(a) If U and V are fully normalized in F then Njr(U) = NjrfV). 

(b) If U and V are fully centralized in F then Gj^{U) = Gj^iV). 

Proof. Suppose that U and V are fully normalized in F. Then (ELI) implies that there 
exisits an J^-isomorphism : Ns{U) -E Ns{V) with Ucf) = V. By 1.5, (f) is then an 
isomorphism Nj^fU) -E Nj^{V). Thus (a) holds. Now suppose instead that U and V are 
fully centralized in F, and let X be a fully normalized J^-conjugate of U (and hence also 
of V). There are then J^-homomorphisms p : Ns{U) -E Ns{X) and a : Ns{V) -E Ns{X) 
with Up = X = Va. The restriction of p to Gs{U)U is then an isomorphism with 
Gs{X)X, and similarly a restricts to an isomorphism Gs{V)V -E Gs{X)X. A further 
application of 1.5 now yields (b). □ 

Lemma 1.15. Assume that F is inductive, let T be strongly closed in F, let Q < S be 
a subgroup of S, and set V = Q HT. Suppose that V is fully normalized in F and that 
Q is fully normalized in Nj^fV). Then Q is fully normalized in F. 

Proof. Let P E such that P is fully normalized in F, let : Ns{Q) —)■ Ns{P) be an 
J^-homomorphism with Qfi = P, and set U = V fi. Then U = P HT as T is strongly 
closed in F, and then also Ns{P) < Ns{U). By (ELI) there exists an J^-homomorphism 
: NsiU) -E NsiV) with Uf; = V. Set Q' = Pf;. Then Q' = is an iV^(G)- 

conjugate of Q. Since Ns{Q) = A^jVs(v)(Q) (and similarly for Q'), and since Q is fully 
normalized in Njr(V), we have |A^5((5)| > |A^5((5')|. The sequence 

NsiQ) A NsiP) A NsiQ') 

of injective homomorphisms then shows that |A^ 5 (P)| = |A^g((5)|, and so Q is fully 
normalized in F. □ 
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Lemma 1.16. Assume that is inductive. Let V < S be fully normalized in T, and let 
Q be fully centralized in NjrfV). Suppose that V < Q. Then Q is fully centralized in T. 

Proof. As in the proof of 1.15: Let P G such that P is fully normalized in if, 
and let f : Ns{Q) —)■ Ns{P) be an J^-homomorphism with Qf = P. Set U = Vf 
and let '0 : Ns{U) —)■ Ns{V) be an J^-homomorphism with U'lp — V. Set Q' = P'lp. 
Then Q' is an A^_ 7 r(l/)-conjugate of Q. As Q is fully centralized in Nj^iV), and since 
CsiQ) — Ccs{v)iQ) (aiid similarly for Q'), we then have |C'5((5)| > |C'5((5')|. The 
sequence 

CsiQ) ^ Cs{P) ^ CsiQ') 

then shows that |C'g(P)| = |C'5((5)|. On the other hand, as P is fully normalized in 
P is also fully centralized in iP by 1.13. Thus |C' 5 (P)| > |C'5((5)|, and the lemma 
follows. □ 

Lemma 1.17. Assume that P is inductive, let T < S be strongly closed in P, and let 
S be a fusion subsystem of P on T. Let Lf <T be a subgroup of T such that U is fully 
normalized in P. Then U is fully normalized in £. 

Proof. Let V E such that V is fully normalized in £. Then V E . As P is 
inductive there exists an J^-homomorphism f : NsiV) -E NsiLf) with Vf = U. Then 
NTiV)4> < NxiLf) as T is strongly closed in P. As V is fully normalized in £ it follows 
that NTiV)4> — NxiLf), and hence Lf is fully normalized in T. □ 

Lemma 1.18. Assume that P is inductive, and let U < S be a subgroup of S. Then 
there exists V E such that both V and OpiNj^iV)) are fully normalized in P. 

Proof. Without loss of generality, Lf is fully normalized in P. Set P = OpiNj^iU)) and let 
Q E P^ with Q fully normalized in P. Let f : NsiP) -E NsiQ) be an J-'-homomorphism 
which maps P to Q, and set V = Lff. As NsiLf) < NsiP) have NsiLf)4> < NsiV). 
But |A^5(17)| > |A^ 5 (y)| as Lf is fully normalized, so f induces an isomorphism NsfLf) -E 
NsiV). Thus V is fully normalized in P, and then Q = OpiNj-(V)) by 1.14(a). □ 

We end with this section with a basic result on quotients of fusion systems. 

Lemma 1.19. Let P be a fusion system on S, let P be a fusion system on S, and let 
X : S ^ S be a fusion-preserving homomomorphism. Denote also by X the corresponding 
homomorphism P -E P of fusion systems (cf. 1.3). Assume that X is surjective, and 
that each of the mappings 

Xx,Y : HomxiX, Y) -E HomyiXX, YX) iKeriX) < X,Y < S) 

is surjective. Let P < S with KeriX) < P. Then the following hold. 

(a) P is fully normalized in P if and only if P is fully normalized in P. 

(b) OpiNxiPy)X<OpiNy{P)). 

(c) If PX E F"' then P E P^, and if PX E then P E P^V 



Proof. For any subgroup U of S containing Ker{X) write U for UX. There is then no 
ambiguity in saying that for any subgroup or element U of S we shall write U for the 
preimage of U in S. For any such U we have Ns{U) = N-g(U), and it is this observation 
that yields (a). 

Set Q = Op{Njr{P)) and set R = Op{Ny{P). Let (p : X —)■ T be a N-^{P)- 
homomorphism. By hypothesis there exists an A^jp-(P)-homomorphism (p : X ^ Y with 
(p — {(p)X. Then cp extends to an A^jp-(P)-homomorphism tp : QX —)■ QY which hxes Q, 
and then {'ip)X is an extension of (p to an A^^(P)-homomorphism QX —)■ QY which hxes 
Q. This shows that Q < N-^{P), and so Q < R. A similar argument - whose details may 
safely be omitted - shows that R < Q, and establishes (b). 

The hrst statement in (c) is immediate from the observation that Cs{U) < C-g{U) 

for any subgroup U < S. For any fusion system T on a p-group T write T’’ for the set 

of T-radical subgroups of T (cf. 1.8). Suppose that P E R . By dehnition 1.8 there is 
then an A;^(P)-conjugate Pi of P such that Pi is fully normalized in R and such that 
-Pi = Op{Ny{Pi)). Then Pi is an J^-conjugate of P, Pi is fully normalized in R by (a), 

and Pi = Op{Nj^{Pi)) by (b). Thus P G and (c) holds. □ 


Section 2: Fusion systems of localities 

Throughout this section, £x a locality (PjA,*?). Dehne RsiR) to be the smallest 
fusion system P on S' which contains the homomorphisms Cg : Sg ^ S, where Cg de¬ 
notes conjugation hj g E C. Equivalently, for each pair of subgroups U,V of S define 
Homj^{U, V) to be the set of mappings 

Cw ■ U —>■ V, 

where rc = (pi, • • • , Qn) E W(£), U < Sw, and where the composition 

Cw = O ■ ■ ■ O Cg^ 

of conjugation maps carries U into V. We say that £ is a locality on R. 

Lemma 2.1. Let (£, A, S) he a locality on R, and let P E A. Then 

{*) P^ = {PngEC, P< Sg}. 

Moreover, P is fully normalized in R if and only if Ns{P) E Sylp{Nc{P)), and P is 
fully centralized in R if and only if Cs{P) E Sylp{Cc{P)). 

Proof. Let cp : P Q he an P-isomorphism. As noted above, (p — Cw for some w E W(£) 
with P < Sw- Then rc G D, and Cw = cn(-u;) by 1.2.3(c). This yields (*). 

As P is in A, Njr(P) is a subgroup of £, and Cc{P) is a normal subgroup of Njr(P). Let 
A be a Sylow p-subgroup of N£{P) containing Ns{P). By 1.2.11 there exists g E C with 
A® < S, and conjugation by g induces an isomorphism Njr{P) -E- N^^P^) by 1.2.3(b). If 
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P is fully normalized in P then |A^ 5 (P)| > |A^ 5 (P®)| > \X^\ = |X|, so Ns{P) = X, and 
Ns{P) G Sylp{N£{P) in that case. Conversely, suppose that Ns{P) is a Sylow subgroup 
of N/:{P) and let Q G P^. We have P = for some h G £ by (*), so Ns{Q)^ < 
Njr,{P). By Sylow’s theorem there exists / G Njr,{P) with {Ns{Qyy < Ns{P), and thus 
|-^s(-P)| > |-^s((5)|. This establishes the hrst of the two “if and only ifs” of the lemma. 
The proof of the second “if and only if’ is obtained in similar fashion. □ 

Proposition 2.2. Let (£,A,5') be a locality, and set P = Ps{lX)- Then P is A- 
inductive. Moreover, for each P G A such that P is fully normalized in P: 

(a) N^{P)=Pr,,^p){Nc{P)) and Cp{P) = PcsiP){Cc{P)). 

(b) Np{P) and Cp{P) are (cr)-generated. 

Proof. That P is A-inductive is immediate from the preceding lemma and from 1.2.10. 
Let P G A with P fully normalized in P, and let (/> : A —)■ T be an AjF(P)-isomorphism 
between two subgroups X and Y of Ns{P) containing P. As in the proof of (*) in 2.1, 
we hnd that (f> — Cg for some g G Nc{P), and this shows that Np{P) = PjVs(P)(-^/:(-P))- 
Then Np{P) is Ajr(P)'’’’'-generated by 1.12. 

By 1.13 P is fully centralized in P. Let (p : X ^ Y he a, C'jp-(P)-isomorphism be¬ 
tween two subgroups X and Y of Cs{P). By dehnition of Cp{P), (p extends to an 
P-isomorphism %p : XP ^ YP such that tp restricts to the identity map on P. Then 
tp = Cg for some g G Cc{P)^ and thus Cp{P) = Pcs{p){Cc{P))- We again appeal to 
1.12, obtaining (cr)-generation for Cp{P). □ 

A hnite group G is of characteristic p if Cg{Op{G)) < Op{G). 

Lemma 2.3. Let (£, A, S) be a locality on P, and assume that A/;(P) is of characteristic 
p for all P E A. Then Op{P) = Op{C). 

Proof. As P is generated by the conjugation maps Cg ■. Sg ^ S iox g E £, the inclusion 
Op{C) < Op{P) is immediate. 

Set R = Op(P) and assume by way of contradiction that R is not normal in C. Among 
all elements of C not in N£{R), choose g so that \Sg\ is as large as possible. Then R ^ Sg, 
since Cg : Sg ^ S is an P-homomorphism. In particular, Sg ^ S, and Sg is a proper 
subgroup of Ns{Sg). 

Set P = Sg, P' = P^, and let Q E P^ be fully normalized in P. As C is A-inductive 
by 2.2, there exists x E C such that P^ = Q and such that Ns{P) < Sx- Then also 
R Y Sx hj the maximality of |P| in the choice of g. Since Q E (P^"^ there exists also 
y E C such that (P')^ = Q and such that Ns{P')R < Sy. 

Note that {x~^,g,y) E D via Q, and that / := Il{x~^,g,y) E Nc{Q). Note also that 
{x, x~^,g, y, y~^) E D via P, and that 

n(x, /, y~^) = U{x, g, y, y~^) = n(^) 

by D-associativity (1.1.4). If P < S'/ then R < S^^, / ^-ip and then R < Sg. Thus 
R Sf, and we may therefore replace g with /, and P with Q. That is, we may assume 
that P is fully normalized in P and g E Njr{P). 
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Set M = Nc{P). Then M is a subgroup of C and, by hypothesis, M is of characteristic 
p. Set D = Nji{P), and set S = P]sig[p){M). Then T> < T, and so the conjugation map 
Cg : P ^ P extends to an T-automorphism of PD. Thus, there exists h G Nm{PD) 
such that Ch '■ PD —)■ PD restricts to Cg on P. Then gh~^ G Cm{P) < -P, and so 
gh~^ G Nm{D). This yields D^ = D, so D < P, and then R < P. Then = R. This 
result is contrary to the choice of g, and completes the proof. □ 

Definition 2.4. Let (£, A, S) be a locality on P. Then C is proper if: 

(PLl) C A, and 

(PL2) N£,{P) is of characteristic p for each P G A. 

The next two results are well known, and are important for an understanding of the 
structure of hnite groups of characteristic p. 

Lemma 2.5. Let G be a finite group, and let A and B be subgroups of G such that |A| 
is relatively prime to \B\. Suppose that [^, P] < Gb{A). Then [^, P] = 1. 

Proof. Let a G A and b E B. Then a~^a^ = [a, b] commutes with a, by hypothesis, and 
so commutes with (a). As |a| = |a^| is relatively prime to |P|, the same is then true of 
a~^a^. As [a, 6] G P by hypothesis, we conclude that [a, 6] = 1, and thus [A, P] = 1. □ 

Lemma 2.6 (Thompson’s Ax P Lemma). Let G be a finite group and let H < G be 
a subgroup of G such that: 

(i) H = PA, where P is a normal p-subgroup of H, and where A is a p'-subgroup of 

H. 

(ii) There exists a subgroup B ofGp{A) such that [Gp{B), A] = 1. 

Then [P, A] = 1 and H is isomorphic to the direct product Ax P. 

Proof. We have A fl P = 1 since |A| and |P| are relatively prime, and so it suffices to 
show that P = C'p(A). Suppose false, so that C'p(A) is a proper subgroup of P. Set 
Q = Np{Gp{A)). Thus P < C'p(A) < Q, and so [Q,B] < C'p(A). One may express 
this in the standard way as [Q,B,A] = 1. Also [B,A,Q] = 1 since P < C'p(A). The 
Three Subgroups Lemma (2.2.3 in [Gor]) then yields [A,Q,B] = 1. That is, we have 
[A, <5] < Gq{B), and hence [A, Q] < C'q(A) by (ii). Then Q < Gp{A) by 2.5. That is, 
Np{Gp{A)) < C'p(A), and hence P = C'p(A), as required. □ 

Lemma 2.7. Let G be a finite group of characteristic p. 

(a) Every normal subgroup of G is of characteristic p. 

(b) Every p-local subgroup of G is of characteristic p. 

(c) Let V be a normal p-subgroup of G, and let X be the set of elements x G GaiV) 
such that [Op{(G),x\ < V. Then X is a normal p-subgroup of G. 

Proof. Let A < G be a normal subgroup of G, and set R = Op{K). Then [Op{G), K] < 
R, and so [Op{G), Gk{R), Gk{R)] = 1- Then 0'p{Gk{R)) < Gg{Op{G)) by 2.5, and thus 
0'^{Gk{R)) < Op{G). Then Gk{R) is a normal p-subgroup of K, and so Gk{R) < R- 
This establishes point (a). 
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Next, let [/ be a p-subgroup of G, and set H = Nq{U), P = Op{H), and Q = Op(G). 
Then Nq{U) < P. Let A be a p'-snbgronp of Ch{P)- Then [Nq{U)jA] = 1, and so 
[Q, A] = 1 by 2.6. Then A < Q, and thns A = 1, proving (b). 

For the proof of (c), notice that CoiV) < G, and that X is the intersection of GaiV) 
with the preimage in G of the normal snbgronp GG/v{Op{G)/V) of G/V. Thns X <G. 
Each p'-gubgroup of X centralizes Op{G) by 2.5, so X is a p-gronp. □ 

The next resnlt refers to the terminology and notation of 1.8. 

Lemma 2.8. Let (£, A, S) he a proper locality on P and let P E A. Then P is subcentric 
in P, and the following hold. 

(a) P G P^^^ if and only if P = Op{Nc{P)). 

(b) P is centric in P if and only if Gjr(P) = Z{P). 

(c) P is quasicentric in P if and only if Gc{P) < Op{Nc{P)) ■ 

Proof Set M = Njr(P)^ and let Q G P^ with Q fnlly normalized in P. Then Q = P^ 
for some g E C hj 2.1, and then the conjngation map Cg : M ^ is an isomorphism 
by 1.2.3(b). As P'^'^, P^, P‘^, and P^ are J^-invariant by 1.9, it follows that it snfhces 
to establish the lemma nnder the assnmption (which we now make) that P itself is fnlly 
normalized in P. Since M may be regarded as a proper locality whose set of objects is 
the set of all snbgronps of Ns{P), it follows from 2.2 and 2.3 that Op{Nj^{P)) = Op{M). 
As P is A-indnctive by 2.3, and M is of characteristic p, it follows from 1.10 and 1.13 
that Op{M) is centric in P. Thns P E P^. 

Set K = Gc{P)- As C is proper, M is of characteristic p, and then K is of characteristic 
p by 2.7(a). Farther, we have G^(P) = Pcs(p){K) by 2.2. If P G then Gs{P) = 
Z{P) < Z{K)j so 0^{K) is a normal p'-snbgronp of K. Then Op{K) = 1, and K = Z{P). 
Conversely, if AT = Z{P) then Gs{P) < P- As P is fnlly normalized in P, P is also fnlly 
centralized by 1.13, and we then conclnde from 1.10 that P G This establishes (b). 

Snppose next that P G P^, so that Gjr(P) is the trivial fnsion system on Gs{P). Then 
Xk{U)/Gk{U) is a p-gronp for every snbgronp U of ^^(P). Take U = Op{K). Thns 
K/Z{U) is a p-gronp, so AT is a p-gronp, and then K = Gs{P) is a normal p-snbgronp 
of M. Conversely, if AT < Op{M) then Gj^{P) is trivial, so we have (c). 

Set R = Op{M) and let F be the set of all overgronps of R in Ns{P). As M is of 
characteristic p, R is centric in Nj^{P), and then F C Nj^{P)^. We may view M as a 
locality (M, F, Ag(P)) which happens to be a gronp, and this locality is proper by 2.7(b). 
Then R = Op{Nj-{P)) by 2.3. This completes the proof of (a). □ 

The next resnlt shows that if (£, A, S) is a locality on P, such that the set A of objects 
is not “too small” (P^” C A) and not “too large” (A C P*^), then C has a canonical 
homomorphic image which is a proper locality on P. 

Proposition 2.9. Let (£, A, S') be a locality on P, with P^'^ C A C p^. Let 0 he the 
union of the groups 0(P) := Op>{GciP)) over all P G A. Then O is a partial normal 
subgroup of C, and £/0 is a proper locality on P. 

Proof Let P G A and let Q E P^ be fully normalized in P. Set M = Nc{Q) and 
K = Gc{Q)- Then Gj^{Q) = Pcs{q){K) by 2.2. As Q is P-quasicentric by hypothesis, 
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CTiQY'^ is the trivial fusion system on Cs{Q)^ and a classical theorem of Frobenius 
[Theorem 7.4.5 in Gor] then implies that K has a normal p-complement. That is, we 
have K = Q{Q)Cs{Q). 

Set M = M/Q{Q), set R = Op{M), and let R be the preimage of R in Ns{Q). 
Let X be a p'-subgroup of Cjj{R), and let X be the preimage of X in M. Since 
M = Nm{R)Q{Q) by the Frattini argument, we obtain X = Nx{R)Q{Q)- But 

[R, Nx{R)] <Rn[R,X]<Rn 0(Q) = 1, 

so 

Nx{R) < Cx{R) < OYCk{Q)) = e(Q), 

and thus X = ©(Q). This shows that Cjj{R) is a p-group, and thus M is of characteristic 
p. In this way the hypothesis (*) of 1.4.12 is fulhlled, and we conclude that 0 < T, 
(T/0, A, S') is a locality, R = J^ 5 (£/ 0 ), and X is of characteristic p for all 
P G A. As C A, £/0 is a proper locality on R. □ 

There are proper localities (£, A, S), with fusion system P, such that A is strictly 
larger than R^. For example, if G is a hnite group of Lie type, dehned over a held of 
characteristic p, and A is the set of all non-identity subgroups of a Sylow p-subgroup S 
of G, then a theorem of Borel and Tits shows that Nq{P) is of characteristic p for all 
P G A. Then (G |a, A,S) is a proper locality on ^^(G), whereas in general there are 
non-identity subgroups of S which are not quasicentric in R. 

Lemma 2.10. Let (£, A, S) be a proper locality on R . Then R is (cr)-generated. 

Proof. Let F be the set of all R G R^'^ and such that R is fully normalized in R, and let 
Ro be the fusion system on S generated by the union of the groups Autx{R), for P G F. 
Assuming the lemma to be false, there exists an P-isomorphism (f> : P ^ P' such that (f) 
is not an Po"isomorphism. 

By dehnition, R is generated by the conjugation maps Cg : Sg ^ ‘5'g-i, so we may take 
(f) to be such a c^, with P = Sg and P' = P® (and where P and P' are in A). Among all 
such obstructions g to the lemma, choose g so that |P| is as large as possible. As A G F, 
we have P 7 ^ S', so P is a proper subgroup of Ns{P). 

Let Q G P^ with Q fully normalized in R. As R is A-inductive by 2.2, there exist 
elements x,y & C such that Ns{PY < Xs{Q) > ^^(P')^, and such that P^ — Q = 
(P')^. As P is a proper subgroup of iVg(P), and Cy are pQ-isomorphisms. If also 
cf^oCgOCy is an pQ-isomorphism, then so is Cg, as is contrary to the case. We may 
therefore replace g with x~^gy^ whence g G Nc{Q). 

Set Q* = Op{Nx{Q)). Then Q* = Op{N£^{Q)) by 2.2, and Q* is P-centric as C is 
proper, li Q = Q* then Q G F, and then cf E Rq. Thus Q is a proper subgroup of 
Q*. By the dehnition of Op{Nx{Q)), (f) extends to an P-automorphism (f>* of Q*, which 
is then an pQ-automorphism by the maximality of \Q\. Thus cf) is the restiction of an 
pQ-automorphism, and so (f) is in Pq. This contradiction proves the lemma. □ 
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Lemma 2.11. 

Set 


Let (£, A, S) be a locality on T, and let Aq he an -closed subset of A. 
^0 = {9 ^ ^ \ Sg E Aq}, 


and set 

Uo = {wE W(£o) I *5., e Ao}, 


Let Ho : Dq — )■ Cq be the restriction of the product U on C to Aq. Then Cq, together 
with Ho and the restriction to Cq of the inversion map on C, is a partial group, and 
{Cq, Aq, S) is a locality. Moreover, if C is proper and C Aq, then Cq is a proper 
locality on F. 

Proof. The proof that (Tq? no, (—)“^) is a partial group is a straightforward exercise 
with dehnition 1.1.1, and is omitted. Here Dq = Daq, as dehned in 1.2.1. Since Aq is 
J^-closed, {Cq, Aq) is then an objective partial group. Every subgroup of £0 is a subgroup 
of C, so S is maximal in the poset of p-subgroups of £ 0 , and thus (£ 0 , Aq, S) is a locality. 
Assume now that £ is proper, and notice that N/:q{P) = N/:{P) for all P E Aq. Thus, 
normalizers of objects in £0 are of characteristic p. Suppose further that F^^ C Aq. 
Then T” is a subsystem of Fs{Cq) by 2.10. The reverse inclusion of fusion systems is 
obvious, so = Fs{Cq), and hence £0 is a proper locality on F. □ 

The locality (£ 0 , Aq, S) in 2.11 will be referred to as the restriction of C to Aq. It may 
be denoted £ |ao- For example, if G is a hnite group. S' is a Sylow p-subgroup of G, and 
A is an J^ 5 (G)-closed set of subgroups of S, then one has the restriction C^{G) = G |a 
of G, where G is viewed as a locality whose set of objects is the set of all subgroups of S. 


Section 3: Elementary expansions 

This section is based closely on [section 5 in Chl], but without some of the technical 
complications that were necessary to that earlier paper. Recall the notion of T-inductive 
set from 1.11. 

Lemma 3.1. Let (£, A, S) he a locality on F, let R < S with R fully normalized in F, 
and suppose that {U,V) E A for every pair U ^ V of distinct F-conjugates of R. Set 
An = {P G A I R < P}. Then the following hold. 

(a) An = {Nq{R) \ R<Q e A}, and {N£,{R), An, Ns{R)) is a locality. 

(b) R^ = {R9 \ g E C, R< Sg}. 

(c) G A U R^-inductive. 

Proof. Let Q E A with R < Q. li R < Q then Nq{R) = Q E A, while if R ^ Q then 
Nq{R) contains a pair of distinct Q-conjugates of R. Thus Nq{R) G A in any case, and 
Ai? = {iVQ(R) \R<QeA}. 

By 1.2.12(a) N/:{R) is a partial subgroup of £. Let A be a p-subgroup of Nc{R) 
containing Ns{R). By 1.2.11 there exists g E C with < S, and then A® < Ns{R^). 
As R is fully normalized in F it follows that Ns{R) = A, and then {Njr{R), An, Ns{R)) 
is a locality by 1.2.12(c). Thus (a) holds. 
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Let V E and let Y^/ be the set of elements y E C snch that = V and snch 
that Ns{V) < Sy-i. By dehnition, each J^-isomorphism (p : V ^ R can be factored as a 
composition of conjngation maps 

(*) Y ^ ^-^ Vk-i ^ R 

for some word w = {xi, ■ ■ ■ ,Xk) E W(£). Write = R to indicate this. Assnme now 
that there exists V E R^ snch that Yy = 0. Among all snch 1/, choose V so that the 
minimnm length k, taken over all words w for which = R, is as small as possible. 
Then, snbject to this condition, choose w so that |Ys^(l^)| is as large as possible. We 
evidently have /c > 0, and R^ S. 

Snppose that k = 1. Thns w = (x) for some x E C with = R. Set P = Ns^{V) 
and set P = YjVs(y)(-P)- Then P G A by 3.1(1). Conjngation by x then indnces an 
isomorphism N/z{P) —)■ Nc{P^) by 1.2.3(b). Thns is a p-snbgronp of the locality 
Nc{R). By 1.2.11 there exists z G Nc{R) with {P^Y < Ns{R), and then {x, z) E T) via 
P. Now < Ns{R), and the maximality of |Y5^(1/)| in the choice of V and w yields 
P = P. Then P = Ns{V), so x~^ EYy- This shows that k > 1. 

The minimality of k now yields Yy^ 7 ^ 0, where Vi is dehned by (*). Thns 
where d may be chosen in Yy^. Set A = Ns^{V). Then A G A as .Sc G A, and 
A^ < Ns{Vi). As 6 G Yy^ we then have rc G D via A. Thns k = 1, contrary to the result 
of the preceding paragraph. We conclude that Yy = 0 for Y G R^, and this proves (b) 
and (c). □ 

We assume the following setup for the remainder of this section. 

Hypothesis 3.2. (£, A, S) is a locality on P, and P < S' is a subgroup of S such that: 

(1) Each strict overgroup of P in S is in A. 

(2) Both P and Op{Nj^{R)) are fully normalized in P. 

(3) Njc{R) is a subgroup of £, and Njr(R) = PjVs(i?)(-^z:(-R))- 

For each V E R^ let Yy be the set of elements y E C such that R^ = V and such that 
Ns{V) < Sy-i. Dehne Y to be the union of the sets Yy, taken over all V E R^. Notice 
that points (b) and (c) of 3.1 are equivalent to the condition that Yy be non-empty for 
each V E R^. 

The remainder of this section will be devoted to proving the following result (in which 
the notion of restriction of a locality is given by 2.11). 

Theorem 3.3. Assume Hypothesis 3.2, and set A+ = AIJP-^. Then there exists a 
proper locality (£+,A+,S) such that C is the restriction of CA to A, and such that 
N£+{R) = N/i^R). Moreover, we then have p 5 (£+) = R, and the following hold. 

(a) For any locality (£, A+, S) such that C |a= R, and such that N^{R) = Nc{R), 
we have Rs{A) = R, and there is a unique isomorphism (3 : £+ —> C which 
restricts to the identity map on C. 
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(b) Let Cq he the set of all g G £"*“ such that Sg contains an -conjugate of R. Then 
Cq is a partial subgroup of C, and £+ is the pushout in the category of partial 
groups of the diagram 

i — T, n Tq —}• T, 

of inclusion homomorphisms. 

Along the way to proving Theorem 3.3, we shall explicitly determine the partial gronp 
strnctnre of T"*" in 3.9 throngh 3.13. These resnlts will then play an important compn- 
tational role in section 4 and in section 7. — 

Set X = {x~^ I a: G Y} and set 

$ = X X NciR) X Y. 

For any f — {x~^, h, y) G $ set = R^ and — R^. Thns: 

R A R^V^, and NsiU^) ^ NsiR) ^ 

are diagrams of conjngation maps, labelled by the conjngating elements. (In the hrst 
of these diagrams the conjngation maps are isomorphisms, and in the second they are 
homomorphisms into Ns{R)-) 

(3.4). Dehne a relation ~ on $ as follows. For f — {x~^, h,y) and f h^y) in $, 

write (p (p if 

(i) U^ = = V^, and 

(ii) {xx~^)h = h{yy~^). 

The prodncts in 3.4(ii) are well-dehned. Namely, by 3.4(i), {x, x~^) G D via Ns{U)^ , 
xx~^ G Nc{R), and then (xx~^,h) G D since Nc{R) is a gronp (3.2(3)). The same 
considerations apply to (y, y) and {h^yy~^). 

One may depict the relation ~ by means of a commntative diagram, as follows. 


U "" ' > R —^ R —^ V 


. 

- 

- 

1 



XX 


yy 


U -^ R > R > V 

x-^ g y 


Lemma 3.5. ~ is an equivalence relation on $. 

Proof. Evidently ~ is reflexive and symmetric. Let (pi — {x~^, gi^yf) G $ (1 < i < 3) 
with (pi ^ (p2 ^ (p3- Then R^^ = R^^ and R^^ = R^^. Notice that 

{xs,xf^,X 2 ,xf^) eT) \mNs{UY^ and, 

(2/3,l/2“',2/2,yr') GD TmNs{V)y^\ 
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Computation in the group N£{R) then yields 


{X 3 X^ ^)gi = (X3X2 ^)(X2X^ ^)gi = (X3X2 ^)g 2 (y 2 yi 
= 93iy3y2^){y2yi^) = 93{y3yi^), 
which completes the proof of transitivity. □ 

Lemma 3.6. Let '0 G $ and set U = Uip and V = V(j). Let x E Yu and y eYv- Then 
there exists a unique h G NciV) such that '0 ~ {x~^, h, y). 

Proof. Write — {x~^,h,y). Then {x,x~^) G D via Ns{U)^ \ and xx~^ G Njr{R). 
Similarly {y,y~^) G D and yy~^ G Njc,{R). As Nc{R) is a subgroup of C we may form 
the product h := {xx~^)h{yy~^) and obtain {xx~^)h = h{yy~^). Setting (/> = 
we thus have (f 'Ip. If h' G Nc{R) with also [x h', y) tp then h' = {xx ^)h{yy = 
h. □ 

For ease of reference we record the following observation, even though it is simply part 
of the dehnition of the relation 

Lemma 3.7. Let C be a ^-class 0 / let p — {x~^,g,y) G C, and set U = R^ and 
V = RL. Then the pair (17, V) depends only on C, and not on the choice of representative 
P. □ 

Lemma 3.8. Let Cq he the set of all g E C such that Sg contains an R-conjugate U of 
R. For each g E Cq set 

^g = {PE^nU\U{P) = g}, 

and set 

L(g = {U ER^ \ U < Ag}. 

(a) Ug is the set of all Ufj) such that p E ^g. 

(b) $g is a union of r^-classes. 

(c) Let U E Ug, set V = 17®, and let x E and y E Xy. Then {x,g,y~^) E D, 
h := xgy~^ G NciU), and p {x~^,h,y) E $g. If also {x~^,h',y) E $g then 
h = h'. 

(d) Let p and p m $g. Then 

p p U(j, = U^ = IT/;. 

Proof. Let g E Cq, let U E Ug, and set C = 17®. Let {x~^,y) E X[/ x Yy and set 
'uo = {x,g,y~p. Then w G D via 

{Ns^{UY~\Ns^{U), Ns^_, (V), Ns^_, iv)y~"). 

Set h = n(r(;). Then h E N£_{R) since R^ = U and i?® = V. Set w' = (x~^, x, g, y~^, y). 
Then w' E D via 775^(17), and g = n(r(;') = Il{x~^ ,h,y) by D -associativity (1.1. 4(b)). 
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If also {x~^,h',y) G D with , h', y) = g then h = h' by the cancellation rnle 

(LI.4(e)). This establishes (c), and shows that Ug C | (f) g $g}. The opposite 
inclnsion is immediate (cf. 1.2.3(c)), so also (a) is established. 

Let ()) G and let G $ with (j) ^ (p. Write (p — (a:“^, h^y) and (p — (T“^, /i,y), and 
set 

(*) w'^ {x~^,x,x~^,h,y,y~^,y). 

As ()) G D we have Ns^{U) G A by 3.2(1), and then w' G D via Ns^{U). Now n(w') = 
n(())) = 5 f, while also 

(**) Uiw') = Uix-\Uiixx-^),h,iyy-^)),y) = Uix-\h,y) = U(^), 

and thns (p E ^g. This proves (b). 

It remains to prove (d). So, let (p^ip E If (p ^p then and by 3.7. 

On the other hand, assnme that or that = Id/). Then both eqnalities obtain, 

since == (f^^)® and = (U^Y. Write (p — {x~^, h,y) and tp — (x~^, h,y) in the nsnal 
way, and dehne w' as in (*). Then rc' G D via Ns^{V(j,), and n(r(;') = !!(())) = g. Set 

h' = Il{{xx~^)h{yy~"^)). 

Then g = n(r(;') = n(T“^,/i',y), so (T“^,/i',y) G Then 3.6 yields h' = h, and thns 
(x~^, hPy) — (p. This shows that (p ^ (p^ completing the proof of (d). □ 

(3.9). We now have a partition of the disjoint nnion £ [J $ (and a corresponding eqniv- 
alence relation on £ |J $) by means of three types of ^-classes, as follows. 

■ Singletons {/}, where / G £ and where Sf contains no J^-conjngate of R (classes 
whose intersection with $ is empty). 

■ ~-classes [(/>] snch that [(/>] fl D = 0 (classes whose intersection with £ is empty). 

■ Classes $gU{( 7 }, where g E C and where Sg contains an J^-conjngate of R (classes 
having a non-empty intersection with both £ and $). 

For any element £ G £ U $, write [E] for the ~-class of E. (Thns [E] is also a ~-class 
if and only if [E] fl D = 0.) Let £"*“ be the set of all ~-classes. Let Cq be the snbset of 
T"*", consisting of those ^-classes whose intersection with $ is non-empty. That is, the 
members of Cq are the ^-classes of the form [pp for some (/> G $. 

Recall from Part I that there is an inversion map w i—)■ w~^ on W(£), given by 
(( 7 i, • ■ ■ , gn)~^ = ^ • • • , 9i^)- The following resnlt is then a straightforward conse- 

qnence of the dehnitions of $, ~, and 

Lemma 3.10. The inversion map on W(£) preserves $. Further, for each £ G £ U $ 
we have E~^ G £1J$, and [£“^] is the set [£]“^ of inverses of members of [£]. □ 
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Definition 3.11. For any 7 = ((/)i, • • • , (/)^) G W($) let be the word (pi o ■ ■ ■ o in 
W(£). Let r be the set of all 7 G W($) snch that contains an J^-conjngate of R. 
Let Dq" be the set of all seqnences w = • • • , £ W(£^) for which there exists 

a seqnence 7 of representatives for w with 7 G F. We shall say that 7 is a F-form of w. 

The following le mm a shows how to define a prodnct IlJ : Dq" —)■ Cq. 

Lemma 3.12. Let w = • • • , [4>r,\) ^ Dq"? Q'^d let 7 = ((/>!, • • • , (pn) be a F-/orm of 

w. Write pi = {x~^,hi,yi). 

(a) {ni, x~^i) G D and yiX~_^i G Nc{R) for each i with 1 < i < n. 

(b) Set 

Wq (fi-lj yW2 5 ' ‘ ‘ 7 Vn—l^n 5 ^n)- 

Then wq G W{Njr{R)) and n(rco), 2 /n) ^ Moreover: 

(c) The ^-class [xf^, n(r(;o), 2 /n] depends only on w, and not on the choice ofT-form 
ofw. 

Proof Let U G R^ and let x,y G Yu- Then {y,x~^) G D via Ns{U)'^ \ and then 
yx~^ G NciR). This proves (a), and shows that wq G yV{Njr{R)). As Nc{R)) is a 
snbgronp of £, (b) follows. 

Let 7 = {pi, • • • , p^) be any F-form of w, write p^ — (x~ , hi,yf), and define wq in 
analogy with wq. Set Uq — and Uq = For each i with 1 < i < n set Ui ~ V^. 
and Vi = U-^ . Thns: 

Ui-i R-^R^Ui and Ui-i ^ R^R^Ui- 

Snppose that there exists an index j with Uj ^ Uj. As pj ~ pj it follows from 3.5 
and 3.6that pj and pj are in D, and that there is an element pj G Cq such that pj and 
pj are in If j < n then 


Uj+i = (UiY ^ {UjY = 

and if J > 0 one obtains Lj-i 7 ^ Uj-i in similar fashion, by consideration of via 
3.9. Thus, for each index i we have Ui 7^ Ui- Then pi and p he in distinct ~-classes by 
3.5. As pi ^ p^ it follows that pi and p^ are members of $ fl D, and that there is a word 
V = {gi, • • ■ ,5'n) e W(£) with Pi = Fl{pi) = Fl{pp. As (t/o, Uq) < Sy, we have n G D. 

Set P = Sy and set Pq = Np{Uq). Then Pq ^ A by 3.2(1). Set Pi = for 

1 < i < n. Then 

P-ii<Ns{R) and <Ns{R). 

3,-1 _i 

Thus conjugation by gi maps Pili to {Ppy^ , and this shows: 

(*) Set Wj = ■yi o ■ ■ ■ o 7^. Then re..,, G D via Pq. 
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Similarly, one obtains w— G D via Np{Uo), where Now D-associativity yields: 

n(a:f\n(M;o),yn) = n(M;^) = n(n) = n(M;Y) = n(Wo), 

Thns n(r(;o), 2 /n) and n(lZJo), lie in the same hber of 11 : $ ft D —)■ £o, 

and thns n(r(;o), 2 /n) ~ n(Wo), This rednces (c) to the following claim. 

(**) Snppose that Ui = Ui for all i. Then n(r(;o), 2 /n) ~ n(wo), 

Among all connter-examples to (**), let w be chosen so that n is as small as possible. 
Then n 7 ^ 0 (i.e. w and w are non-empty words), as there is otherwise nothing to verify. 
If n = 1 (so that w = (4>i) and W = then wq = (h), Wq = (h), and (**) follows 

since (f) (p. Thns, n >2. 

Set '0 = {xi^, hi{yiX 2 ^)h 2 ,y 2 ), and similarly dehne 'ip. Then 'll; and '0 are in $. As 
(pi ~ (pj^ for i — 1,2, one has the commntative diagram 



of conjngation maps. This diagram then collapses to the commntative diagram 



which shows that '0 ~ '0. Here ('0, (p^, ■ ■ ■ , pn) and pp, p^, ■ ■ ■ , p^) are T-forms of the 
word u = {[p], [ps], ■■■ , [pn]). Set 

Uo = {hi{yiX2^)h2,y2xp^, ■ ■ ■ ,yn-ixp^, h^), 

and similarly dehne uq. Then n('Uo) = n(r(;o) and n(llo) = n(lZJo). The minimality of n 
then yields 

{x~^,U{wo),yn) ^ {xp^,U{wo),yJ. 

This proves (**), and thereby completes the proof of (c). □ 

Proposition 3.13. There is a mapping n+ : Dj" —)■ Cp, given by 

n+( 0 ) = [1,1,1], 


Up{w) = [xi ^,U{wo),yn], 
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on non-empty words w E Dq ; where wq is given by a T-form ofw as in 3.10(h). Further, 
there is an involutory bijection on Cq given by 

r) [x-\g,y]-^ = [y-\g-\x]. 

With these structures, Cq is a partial group. 

Proof. The reader may refer to 1.1.1 for the conditions (1) throngh (4) dehning the notion 
of partial gronp. Condition (1) reqnires that Dq" contain all words of length 1 in the 
alphabet Cq, and that DJ" be closed with respect to decomposition. (That is, if u and v 
are two words in the free monoid W(£(J"), and the concatenation n o n is in D(J", then u 
and V are in Dq".) Both of these conditions are immediate conseqnences of the dehnition 
ofDj. 

That n(J" is a well-dehned mapping is given by 3.10. The proof that fid" satishes the 
conditions 1.1.1(2) (n(J" restricts to the identity map on words of length 1) and 1.1.1(3): 

u o V o gDq" nQ"(u o V o v) = nQ'(u o nQ'(v) o w) 

are then straightforward, and may safely be omitted. 

The inversion map [x~^,h,y] h-)■ [y~^,h~^,x] is well-dehned by 3.8. Evidently this 
mapping is an involntory bijection, and it extends to an involntory bijection 

on W(£q"). It thns remains to show 1.1.1(4). That is, we mnst check that 

rc G Dfl" o rc G D(|" and n(|‘(r(;“^ o rc) = [1,1,1]. 

In detail: take w = (Ci, • • • , Cn) and let 7 = {(fi, • • • , (fn) be a T-form of w, where (fi is 
written as [x~^ , hi,yi). One easily verihes that 7 “^ o 7 g T, and hence w~^ o w E Dj". 
Now 

Bo + {w~^ ow) = [y~^,U{uo),y^], 

where 

^0 iOn 5 ’ 5 ^ 22 /l j 9 l : X^X^^^ , gi, y\X2 )? ‘ ‘ ‘ 5 yn—l^n 5 On)- 

One observes that n('Uo) = 1, and so llo -|- (rc“^ o w) = [y~^, 1,2/n]- Now observe that 
(l/n ^ 1, On) = (1,1,1), since (yT^ 1, On) and (1,1,1) are in D and since n(y“^ 1, y^) = 
1 = 11(1,1,1). Thns Ho -I- {w~^ o w) = [1,1,1] = n(J‘(0). Thns 1.1.1(4) holds, and the 
proof is complete. □ 
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Lemma 3.14. Let Dq be the set of all w E D such that contains an if -conjugate 
of R, and let Cq be the set of words of length 1 in Dq, regarded as a subset of C. Let 
Ho : Do —)■ Co be the restriction ofU to Dq. Then: 

(a) Cq, with Ho and the restriction of the inversion map on C to Co, is a partial 
group. 

(b) Let io '■ Co ^ C be the inclusion map, and let Ao ■ Co Cq be the mapping 

(71—)■ U {g}. Then io Aq are homomorphisms of partial groups. 

Proof. The verification of (a) is straightforward, and is left to the reader (see 1.1.1). 
Moreover, since the prodnct in Co is inherited from C, it is immediate that lo is a 
homomorphism of partial gronps. 

Let V = {gi, • • • , gn) G Dq, set w = ([(71], • ■ ■ , [gn]), and let U E be chosen so that 
Lf < Sy. By 3.12 there exists a word 7 = {fi, • • • , fn) ^ W($) snch that fi E [gi\ and 
snch that Lf < where is the word o ■ ■ ■ o e W(£). Then 7 is a T-form 
of w, and so w E Dj]". Set P = Sy,. The proof of the intermediary resnlt (*) in the 
proof of 3.10 shows that r(;.y G D via Np{U). Write fi = , hi, yi), and form the word 

Wo E W{N£.{R)) as in 3.10(b). Set g = n(n). Then g = n(r(;.y) = ,wo,yn) by 

D-associativity, and thns [xf^,wo,yn) G That is, we have [g] = [xf^,wo,yn]- This 
shows that Aq is a homomorphism of partial gronps, completing the proof of (b). □ 

We remark that it is easily verihed that /m(Ao) is in fact a partial snbgronp of Tq". 
Bnt there is no reason to snppose that Im{io) is a partial snbgronp of C, as it may be 
the case that W(£o) H D is not contained in Dq. 


For any w = {gi,--- ,gn) e W(£) set [w] = ([fi'i],-- - , M)- For any snbset W of 
W(T) set [Af] = {[re] \ w E W}. Since each f^-class [gi\ intersects C in { 77 ^} it follows 
that the prodnct 11 : D —)■ £ may be regarded as a mapping [D] —)■ C. 

Recall from Theorem 1.1.17 that the category of partial gronps has all colimits (and 
all limits). In particnlar, pnshonts are available. 


»+ 


Proposition 3.15. Set D+ = [D] U Dq 

(a) The products 11 : D —)■ £ and no" : Dq 
a mapping 

n+ : D+ ^ £+. 


—)■ cf 


Q agree on 


[D] n Dq", and 11 U Bq" is 


(b) £"*“ is a partial group via the product n"*" and the involutory bijection given by 

3.8. 

(c) Let A : £ —;■ £"*" be the mapping g ^ [g], and let i : Cq —)■ £"*" be the inclusion 
map. Then A and i are injective homomorphisms of partial groups, and 

£+ — £+ 


^0 


A 


£0 - > c 

ho 

is a pushout diagram in the category of partial groups. 
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Proof. That 11 and 11J agree on [D] fl Dj is one way of interpreting the fact (3.12(b)) 
that Ao and lq are homomorphisms of partial gronps. Thns (a) holds, and point (b) is 
then a straightforward exercise with dehnition 1.1.1. 

Let C* (with the appropriate diagram of homomorphisms) be a pnshont for 

(*) /:+ 4^ £o ^ 

By 1.1.17 we may in fact take the nnderlying set of C* to be the standard pnshont of 
(*) as a diagram of mappings of sets. That is, we may take C* to be the disjoint nnion 
Cq 1J£ modnlo the relation = which identihes g E Cq with qXq. Here qXq = U {g}^ 
and the elements of C which are not in To are by dehnition the singletons {/} snch that 
Sf contains no J^-conjngate of R. By identifying snch a singleton {/} with its nniqne 
element we thereby obtain C* = T+ as sets. 

The domain D* of the prodnct in C* is obtained by from the disjoint nnion DJ" [JD 
by imposing the =-relation componentwise. That is, we have D* = D+. The prodnct 
n* : D* —)■ C* is then the nnion of the prodncts Hq and H; which is to say that H* = n"*". 
Similarly, the inversion maps on C* and on T+ coincide, and so C* = T+ as partial gronps. 
That A and l are the homomorphisms which give the reqnired pnshont diagram in then 
immediate. 

Now let f,g^C with /A = gX. Then 3.7 yields 

{/} = [f]nc=[g]nc = {g} 

and so A is injective. The inclnsion map l is of conrse injective, so the proof is com¬ 
plete. □ 

Let A+ be the nnion of A with the set of all snbgronps P < S snch that P contains 
an J^-conjngate of R. The following lemma prepares the way for showing that (T"*", A+) 
is an objective partial gronp. 

Lemma 3.16. Let A : T —T+ be the homomorphism of partial groups given by g ^ [g]. 
Let [(j)] E Cq , and let be the set of all a E S such that [all'll is defined in T+, and 
such that [alt'll G [S']. Then S^^j = S^. 

Proof. Let a E S snch that [all'll = [b] for some b E S. Snppose hrst that [f] fl T is 
non-empty, and let g be the nniqne element of [(j)] fl C. The eqnality [a] = [6] then 

simply means that (a®)A = 6A, and the injectivity of A (3.15(c)) yields a® = b. Thns 
a E Sg. Conversely, for any x E Sg we have xX = [x] E — gX, and thns the lemma 
holds in this case. 

Assnme now that [(/>] flT = 0. Then [f] is a ~-class by 3.9, and 3.7 shows that the pair 
(77, V) {Lf(j), Vfjf) is constant over all f E [(/>]. Set w = ([(/']~^, H, [</>])• Then w E D)]" 
by hypothesis, so there is a T-form 7 = ((/)“^,'0, (/>) of w. This means that, npon setting 
wy — (f)~^ o '0 o (/), we have V < The nniqneness of (77, V) for [f] (and of (H, 77) for 

[(/)]“^) yields Lf ~Lf.^p — Id/;, and then a E Ns{Lf) since a = n('0). Since [b]^^^ = [a] we 
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similarly obtain b G Ns{V). Notice also that since {U, V) is independant of the choice of 
representative for [cj)] we may take (f) to he (f). As x E Yu and y G Yy we obtain: 

(*) a^~\by~' G Ns{R). 

Write (f) — and set 9 = {a~^x~^^l^xa?). As a G Ns{U) we get xa? G Yu 

and a~^x~^ G Xjy. Thns 0 G $. Moreover, we have 6* G D via Ns{U), and 11(6') = a. 
Thns 9 G $a, and 9, (p) is a F-form of w. Then 

n"'“(r(;) = [y~^,h~^{x{a~^x~^)){{xa^)x~^)h,y] 

by the dehnition of 11+ in 3.15. Observing now that 

(x, a“^, x, a^, G D, 

via Ns{U)^ , we obtain 

[6] = n+(M;) = [y~^,h~^{xax~^)h,y] = [y~^,{a^ 

We now claim that {y~^, b^ ,y) E [6]. In order to see this, one observes hrst of all that 
{y~^,by ,r/) G $. Also, since b^ normalizes NsiV)^ we have {y~^,y,b,y~^,y) G D 

via Ns(y). Then b^ ,y) — b, and the claim is proved. Thns: 

Application of 11 to both sides of (**) then yields 

= {by~'y, 

and then {a^ = b^ by the cancellation rnle in C. As ,6^ E S by (*), we 

conclnde that a G This completes the proof of (a), and thereby completes the 

proof. □ 

At this point it will be convenient (and need canse no confnsion) to view Aq and A as 
inclnsion maps. Then £+ = £ U £+, where 

£+ = {!,#,] I ^e<l>, 

Proposition 3.17. (£+,A+,5') is a locality. Moreover: 

(a) C is the restriction £+ |a of C~^ to A. 

(b) Nc+iR)=NciR). 

(c) Rs{C+)=R. 
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Proof. We have first to show that , A+) satisfies the conditions (01) and (02) in the 
definition 1.2.1 of objectivity. Condition (02) is the reqnirement that A"*" be J^-closed 
(i.e. that A"*" be preserved by J^-homomorphisms). Since A is J^-closed, and A"*" is given 
by attaching to A an J^-conjngacy class and all overgronps in S of members of ^ 
(02) holds for (£+, A+). 

Condition (01) reqnires that D+ be eqnal to Da+. This means: 

(*) The word w = (Oi, • • ■ , Cn) G W(£+) is in D+ there exists a seqnence 

(Aq, • • ■ , Xn) G W(A+) snch that X^fi = Xi for all i, (1 < t < n). 

Here we need only be concerned with the case w G W(£q') since D+ = Dq" U [D], and 
since D = Da- The implication in (*) is then given by the definition of D)J", with 
Xq G R^. The reverse implication is given by 3.16, and thns (T"*", A+) is objective. We 
note that T"*" is finite since C and $ are finite. 

Let S' be a p-snbgronp of £+ containing S, and let a G Ng{S). As S G A we get 
a ^ £+ so a G iV/:(S), and then a G S since S is a maximal p-snbgronp of C. Thns 
S = S, S is a maximal p-snbgronp of £+, and (T"*", A+, S) is a locality. The restriction 
of C~^ to A is by definition the partial gronp whose prodnct is the restriction of H"*" to 
Da, whose nnderlying set is the image of H"*" | Da, and whose inversion map is inherited 
from £+. That is, (a) holds. 

Let [(j)] G Cij let (f) = {x~^,h,y) G [(/>], and set U = Ucf). Then U < S[ 0 ] = S^ 
by 4.17(a), and the conjngation map : S^ —)■ S is then the composite o Ch o Cy 
applied to S^. Thns is an A-homomorphism, and this yields (c). Snppose now that 
[(f)] G N/ 2 ,+ {R). Then x, h, and y are in Nc{R), and then (/> G D as Nc{R) is a snbgronp 
of C. Then [(p] ^ and so (b) holds. □ 

Proposition 3.18. Let (£, A+,5') be a locality having the same set A+ of objects as 
T+. Assume that C |a= T and that N^{R) = Nc{R). Then the identity map on C 
extends in a unique way to an isomorphism £+ —)■ C. 

Proof. Write H : D —)■ C for the prodnct in C. (It isn’t necessary to distingnish the 
inversion map on H in any way, since by 1.1.13 it restricts to the inversion map on C.) 
Let (p — {x~^, h, y) and cp — (x~^, h,y) be members of $ snch that (p ^ (p. Set U = Ufj,. 
Then U = and {x,x~^) G D via Ns{U)^ \ Then Ii{x,x~^) = n(x, a:“^) as C is the 
restriction of C to A. Similarly, we obtain n(y, y“^) = n(y, y“^). Then: 

( 1 ) n(a:, x~^,h) = Il(xx~^, h) = Il{xx~^, h) = Il{h,yy~^) =Il{h,y,y~^). 

Observe that both (x~^,x, x~^,h,y) and (x~^, h,y,y~^,y) are in D+flD (via the obvions 
conjngates of U). Then (1) yields 

n(</>) = n(x“\x,a:“\/i,y) = n(x“\7i,y,y“\y) = n(^). 

If (/) G D then n((/)) = n((/)), so we have shown that there is a well-defined mapping 

p-.c+^c 
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such that /? restricts to the identity map on £ and sends the element [4>\ G to n((/)). 

We now show that /? is a homomorphism of partial groups. As is a pushout, in 
the ma nn er described in 3.15(c), and since the inclusion £ —)■ £ is a homomorphism, it 
suffices to show that the restriction /3o of (3 to £ 0 “ is a homomorphism. 

So, let w = ([(/>i], • • • , [(/>n]) G D+, let 7 = ■ • • ^4>ri) be a F-form of rc, and set 

= (</>!, ••• ,4>n)- Write (pi = {x~^,hi,yi). Then 11+(w) = ,Il{wo),yn], where 
Wo G W(N/:(R)) is the word 

Wo = (hi, yix^^, • • ■ , yn-ix~^,hn). 

given by 3.12(b). Let (3* be the induced mapping W(£+) —W(£) of free monoids. 
Then _ _ ^ ^ ^ ^ 

U(wn - u([(Pi](3, • • •, [(P^](3) = n(n((/>i), • • •, u((Pr,)) = n(«;^) 

by D-associativity, and 

(n+(M;))/3 = [xf \ U(wo),yn\f3 = ff(a:r\ n(M;o), Vn)- 

Set Wq = (hi,yi,X 2 ^, - ■ ■ ,yn-i,x~^,hn). Then G D via and n(M;o) = n(M;o) = 
n(rt;o)- Then 


(n+(«;))/l = n((a:r') o n(«;') o (y^)) = n(«;^) = n(«;r), 

and so /3o is a homomorphism. As already mentioned, this result implies that /? is a 
homomorphism. 

Let f E C with f ^ C. Then S'/ ^ A (as C = C |a), and so S/ contains a unique 
U G . Set V = , and recall that the inversion map on £ is induced from the 

inversion map on £. If 1/ G A then f~^ G £, and then f ^ C. Thus V ^ A, and 
hence V G R^. By 3.1 there exist elements x,y E C such that = R = and such 
that Ns(U)^ < Ns(R) > Ns(V)'^ . We find that (x,f,y~^) G D via R and that 

h := Il(x, f,y~^) G N^(R). Then h G Njc(R) by hypothesis, and / = Il(x~^,h,y). In 
particular, we have shown: 

(*) Every element of £ is a product of elements of £. 

We may now show that (3* maps Dj" onto D. Thus, let w = (fi, ■■■ , fn) G D and set 
X = Sw- If A G A then «; G D and w — w(3*. So assume that A ^ D. Then A 
contains a unique A-conjugate Uq of R, and there is a sequence (Ui, • • • , Un) G W(A+) 
given by Ui = (Ui-i){. As seen in the preceding paragraph, we then have Ui G R^ for 
all i, and there exists a sequence 7 = (4>i, • • • , 4>n) G W(fi>) such that tl((p)i) = fi. Set 
= [(pi] o ■ ■ ■ o [(pn\. Then w.y G D+ and (w~f)(3* = w. Thus (3* : Dq" —> D is surjective. 
That is, /? is a projection, as defined in 1.4.5. 

Let g G Ker((3). If (7 G £ then g = 1 since /? \c is the inclusion map. So assume that 
g ^ C. Then g = [f] for some (p — (x~^, h, y) G $, and [f] is a ~-class. Set U = Ufp and 
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V = V(j). As 1 = g/3 = n((/)) it follows that U = V = R. But then (/> G D as NjC,{R) is a 
subgroup of £, and so [(/>] is not a ~-class. Thus Ker{f3) = 1. As /? is a projection, /? is 
then an isomorphism by 1.4.3(d). It follows from (*) that (3 is the unique isomorphism 
T+ —)■ C which restricts to the identity on C. □ 

Notice that Propositions 3.17 and 3.18 complete the proof of Theorem 3.3. 

Section 4: Elementary expansions and partial normal snbgronps 

We continue to assume Hypothesis 3.2 throughout this section. Our aim is to prove 
the following result. 

Theorem 4.1. Assume Hypothesis 3.2 and let (T+, A+jS”) he the locality given by The¬ 
orem 3.3. Let M < C he a partial normal subgroup of C, and let he the set of 

all -conjugates of elements of Af (the set of all such that f G Af, g G £+ and 
{9~^,f,9) e D+;. Let Af^ be the smallest partial subgroup of CA containing Af^^. Then 

(a) Af^ < and 

(b) Af+r]C = Af. 

We will employ all of the notation from section 3. Thus, the reader will need to have 
in mind the meanings of Cq, Cq , £+, and Set O = . 

Lemma 4.2. Let w G D+, and suppose that w ^ W(£). Then Sw is an R-conjugate of 
R, and S^, = S'^+(^u) iflL^iw) ^ C. 

Proof. As rc ^ £ it follows that ^ A. Then, as w G it follows from 3.2(1) that 
Sw is an J^-conjugate of R. Write w = {gi, ■ ■ ■ ,gn) with gi G £^, set g = n"'“(rt;), and 
suppose that g ^ C. Then Sg is an J^-conjugate, and since Sw < Sg we obtain Sw = Sg, 
as required. □ 

Lemma 4.3. If 4-1(h) holds, then Theorem 4-1 holds in its entirety. 

Proof. Assume 4.1(b). Set Oq = O, and recursively dehne Tin for n > 0 by 

Vtr, = {n+(M;) I w G W(0„_i) n D+}. 

As Af^ = (O) is by dehnition the smallest partial subgroup of T"*" containing fl, it follows 
from 1.1.9 that Af^ is the union of the sets In order to show that Af^ < it will 
then suffice to show that each is closed with respect to conjugation in £+. 

Let g G Hq- Then there exists f E Af and a G £"*“ such that (a“^, /, a) G D+ and 
with g = /“. Now let b G T+ such that {b~^,g, b) G D+. If G £ then g E Af hy 4.1(b), 
and then g^ E Hq- On the other hand, assume g ^ C. Then Sg E R^, and 4.2 yields 
Sg = 5'(a-i,/,a)- Set u = {b~^,g,b) and v — {b~^,a~^, f,a,b). Then Su = S.^ — (Sg)^, so 

V E D+, and g^ = n+('u) = n+(n) = /“^. Thus g^ E Oq in any case, and so Oq is closed 
with respect to conjugation in £+. 

Let k be the largest index (assuming it exists) such that Vlk is closed with respect to 
conjugation in £+, and let now / G Ofc_|_i and h E C such that is dehned in £+ and 
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is not in By definition there exists w = (/i, • • • , fn) G W(Ofc) fl D+ snch that 

/ = n+(r(;). Snppose f G C. Then / G A/” by 4.1(b), and then G O. As C for 
all m, we have G in this case. So assnme that / ^ £. Then Sf = S^j & 

by 4.2. Set w' = /i, 6, • ■ ■ , fn,h). Then w' G D+ via and we obtain 

= n+(r(;') = n+(/^,-- - ,/^). As Ofc is closed with respect to conjngation in £+ 
we conclnde that G Ojt+i, contrary to the maximality of /c; and this contradiction 
completes the proof. □ 

(4.4) Notation. Set M = Njr{R), and K = M flA/”. As in the preceding section, for 
each 5 f G £■*“ set 

Ug = {U eR^ \ U < Sg}, 

and for each U G R^ set 

Yu = {yeC\Ry = U, Ns{U)y~" < Ns{R)}. 

The notation (4.5) will remain fixed nntil the proof of Theorem 5.2 is complete. Note 
that since M is a snbgronp of C by 3.2, AT is a normal snbgronp of M by 1.1.8(c). 

Lemma 4.6. Suppose T < R. Then J\f* = fl, and O fl £ = J\f. 

Proof. Let / G A/”, and snppose that Sf contains an A'-conjngate of R. Then T < Sf 
since, by 1.3.1(a) T is weakly closed in R. Then 1.3.1(b) yields the following resnlt. 

(1) Let f G M snch that Sf contains an A'-conjngate U of R. Then = P for each 
snbgronp P of S'/ containing U. In particnlar, = U. 

Let /' G O, and let / G A/" and g G snch that /' = /®. That is, assnme that 
V := {g~^, /, g) G D+ and that /' = n+(n). If n G D then /' = n(n) G A/”. On the other 
hand, snppose that n ^ D. Then S„ is an P-conjngate of R by 4.1(1). Set U = {S^Y • 
Then U = by (1). Now choose a G Y[/, and set v' = {g~^,a~^,a, ,a, g). Then 

v' G D+ via JJy, and n+(n) = n+(n'). Notice that (1) implies that {a,f,a~Y G D via 
P := Nsf{U)i that 

T Au T, 

so that /“ ^ G M. Thns /“ ^ G AT, and n+(n) = n+( 5 f“^a“^,/“ ^,ag). This shows: 

(2) O is the nnion of Af with the set of all 11+/, g) snch that f & K and snch 
that {g~^,f,g) G D+. Moreover, for any snch v = {g f,g), 11+ (n) normalizes 
each V G R^ snch that V < Sy. 

Assnme now that we have v — {g~^, f,g) as in (2) (so that / G AT), and let A be an 
P-conjngate of R contained in Sy. In order to analyze these things fnrther, we shall need 
to be able to compnte prodncts in £+ in the manner described in 4.13 and 4.14. To that 
end, note first of all that since = T there exists a nniqne h E M and y E Ya snch 
that g ~ (1, h, y) G $, by 4.7. Set f — (1, h, y) and set tf — (1, /, 1). Then (())“^, 'A, cj)) is 
a T-form of {g~^, Afi'), as defined in 4.12. We then compnte via 4.13 that 

/' = 'n.+ {g~\f,g) = [y~\h~\l][l,f, l][l,h,y] = [y~^J^,y]. 
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(3) Let f G O, such that Sf contains an J^-conjugate of R. Then /' is an :^-class 

/c, y] with k E K. 

If /' G £ then {y~^, /c, y) G D by 4.10, and so /' G Af. Thus: 

(4) nnc = Af. 

Now let w = (/{, •■•,/;) G W(0) n D+, and set B = Sw Suppose that n"'“(w) ^ fl. 
Then 11+(w) ^ so 11+(w) ^ £ by (4). Thus w ^ D, so S G and then (2) shows 
that each // normalizes B. Fix b &Yb- Then (3) implies that there exist elements ki E K 
such that /' = ki,b]. One observes that the sequence of elements {b~^, ki, b) of $ is 
a T-form for w, and then 4.13 yields n+(r(;) = /c, b] where k = n(/ci, • • • , kn) G K. 

This simply means that n+(r(;) = kA^ since b~^ = 1,1], /c = [1, /c, 1], and b = [1,1, 6]. 

Thus n+(r(;) G O. Since fl is closed under inversion, we have thus shown that O is a 
partial subgroup of £. 

Finally, let c G £+ be given so that (c“^,/', c) G D+ (and where /' G O). Suppose 
that n+(c“^, /', c) ^ O. Then /' ^ A/”, so /' ^ £ by (4), and then /' = 11+/, ^f) for 
some f E Af and some g G £+, and where S'// = S(g-i J,g). Set u = {c ^J, 9 ,c). 
Then u G D+ via {Sf>Y, and n+('u) = n+(c“^( 7 “^,/, ^rcj. Thus n+(c“^,/',c) G O after 
all, and O < £+. □ 

Let L be the quotient locality C/Af (cf. 4.4), and let p : £ ^ £ be the quotient 
map and let p* be the induced homomorphism W(£) —)■ W(£) of free monoids. For 
any subset or element X oi C, X shall denote the image of X under p. We extend this 

convention to subsets and elements of W(£) in the obvious way. Set A = {P \ P G A}. 

_ _ _ 

Lemma 4.7. Assume that T ^ R, and set P = P-g{C). Then R C A. 

Proof. Let U G R^. As T ^ i? we then have T ^ by 1.3.1(a). Then U is a proper 
subgroup of UT^ so UT G A by 3.2(1). Then U = UT G A by 4.3. □ 

Lemma 4.8. Assume that T ^ R- There is then a homomorphism a : £+ —)■ £ such 
that the restriction of a to C is the quotient map p. 

Proof. Set D = D(£) and let 11 : D ^ £ be the product in £. As P^ C A by 4.7, 

we have $ C D, and so there is a mapping A : $ —)■ £ given by 4>X — n((/)p*), where 

p* : W(£) —)■ W(£) is the homomorphism of free monoids induced by p. That is: 

A\ = Ti{Y>). 

Let G $ with (fi ~ (f) 2 , and write (fi — {x^ ^,hi,yi). Then [x2XiY^i — 

h 2 {y 2 yf^) (in Af), and so 

( 1 ) {x2xfYhi = h2{y2yf^) 

in M. As {x 2 :Xf^,hi) and (/i 2 , P 2 , i'^ D+ via the appropriate conjugates of i?, 

we have {x 2 :Xf , hi) and {h 2 ,y 2 ,yi ) i'^ D, and then 

n(x 2 ,Tj'\hi) = Ii(h2,y2:yf^) 
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by (1) and D-associativity. A standard cancellation argnment (cf. 1.2.4(a)) then yields 
n((/)j^) = n((/) 2 ), and thns A is constant on ~-classes. 

Now snppose that (/> G for some g E C. That is, snppose that (/> G $ fl D and 
that g = n ((/)). Then (pX = 'g since p is a homomorphism of partial gronps, and so A is 
constant on ^-classes. This shows that there is a (well-dehned) mapping a : T"*" —)■ £ 
given by p on £ and by A on £ 0 ". It remains only to check that cr is a homomorphism. 

Let w = (/i, • • ■ , fn) G D+. If w G D then wa* = wp* G D and n(r(;a'*) = (n(r(;))cr. 
On the other hand, snppose that w Then fi — [^i] for some <^>1 G $, and there is a 
T-form 7 = ((/>!, • • • , (/)n) of w. Thns the word Wj = (f)i o ■ ■ ■ o has the property that 
is an T'-conjngate of R, and hence IZ 7 G D. Then 

n((rc.y)cr*) = n(la^). 


Write (f)i ^ {x-^,hi,yi). Then 

(n+(M;^))a = [x^^,Il{wo),yn\cr 

where wq G D(M) is given by the formnla in 4.13(b). One then obtains n((r(;.y)a'*) = 
(n"'“(r(;.y))a via D-associativity, and so cr is a homomorphism, as desired. □ 

Lemma 4.9. J\f* 0 £ = J\f. 

Proof. Let a : £+ —> £ be a homomorphism, as in 4.8, whose restriction to £ is the 
qnotient map p : C -E C. Then Ker{a) 0 £ = Ker{p), where Ker{p) = A/”, by 4.4. As 
Ker{a) < £"'", by 1.14, the lemma follows. □ 

Notice that Theorem 4.1 follows at once from the combination of lemmas 4.3, 4.6, and 
4.9. 

Section 5: Theorem A 

Recall from 1.8 that for any fnsion system R on A, denotes the set of J-'-snbcentric 
snbgronps of A, and that these are the snbgronps U < S snch that there exists an 
J-'-conjngate V of U with V fnlly normalized in R and with Op{Nj^{V)) G R^. 

Lemma 5.1. Let (£, A, S) be a proper locality on R, and let R be a subgroup of S which 
satisfies 3.2(1) and 3.2(2). Assume that R E R^. Then R satisfies 3.2(3). That is, 
Nc{R) is a subgroup of C of characteristic p, and Nj^{R) = A' 7 Vs(i?)(-A^£(-R))- 

Proof. Set Cr = Nc{R) and set Ar = {P G A | R < P}. By 3.1 {Cr, Ar, Ns{R)) is a 
locality, and we set Rr = J^ 7 Vs(i?) (-^i?)- Evidently Rr is a fnsion snbsystem of Nr{R). 

If R G A then Cr is a snbgronp of £, of characteristic p since £ is proper; and 
Nr{R) = RNsiR){'^R) by 2.2. Thns there is nothing to show in this case, and so we 
may assnme that R ^ A. As R E R^ there exists an J-'-conjngate R' of R snch that 
Op{Njr{R')) is centric in R. As T” is A U R-^-indnctive by 3.1(c), it follows from 1.14(a) 
that Q := Op{Nj:{R)) is centric in R. If R = Q then R E R^'^, contrary to R ^ A. Thns 
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R ^ Q and so Q G A by 3.2(1). As Rji is a fusion subsystem of Njr{R)^ on Ns{R), we 
have Q < Rn, and then Q is contained in every member of Thus: 

(*) {RrY^ C Afl. 

For P G Ar write Cr for the subgroup Nc{P) of C. Then R < Cp, and and Ncp{R) = 
A^CniP)- As C is proper, Cr is of characteristic p, and Nr^^P) is then of characteristic 
p by 11.2.7(b). This result, along with (*), shows that Cr is a proper locality on Rr. 
Then Q < Cr by 2.3, and thus Cr = N£^{R) is a subgroup of C of characteristic p. 

It now remains only to show that Rr = Nr{R), in order to complete the proof. 
Observe that Nr{R) is a fusion subsystem of Nr{Q), and that Nr{Q) is the fusion 
system J^ 7 Vs(Q)('^q) of a hnite group, by 2.2(a). Then each Ajr(A)-isomorphism is a 
conjugation map by an element of Np^^R), and so Nr{R) is a fusion subsystem of Rr. 
That Rr is a subsystem of Nr{R) has already been noted, so the required equality of 
fusion systems obtains. □ 

5.2 (Theorem Al). Let (£, A, S) be a proper locality on R and let A+ he an R-closed 
collection of subgroups of S such that A C A+ C R^. 

(a) There exists a proper locality (£+,A+,5') on R such that C is the restriction 

IA of C^ to A. Moreover, £+ is generated by C as a partial group. 

(b) For any proper locality (£, A+,5') on R whose restriction to A is C, there is a 
unique isomorphism £+ —)■ C which restricts to the identity map on C. 

Proof. Suppose false, and among all counterexamples choose (£, A, S) and A+ so that 
the set Id = A"*" — A has the smallest possible cardinality. Then A"*" = A U R^ for some 
R G A+. By 1.15 R may be chosen so that both R and Op{Nr{R)) are fully normalized 
in R. Thus the conditions (1) and (2) in Hypothesis 3.2 hold. Then 3.2 holds in its 
entirety, by 5.1. 

Set Al = A IJ i?-^. Theorem 3.4 then yields a proper locality (£i, Ai, S) on R, such 
that £i |a= C, and such that Nc^{R) = Nc{R). The minimality of \U\ yields the 
existence of a proper locality (T"*", A+, S) such that £"*“ |ai= Ci and with Rs{C'^) = R. 
Then T+ |a= C. The explicit construction of T"*" in section 3 shows that every element 
of T"*" is a n^-product of elements of C, so we have (a). Point (b) is then immediate 
from the corresponding uniqueness result for C\ (given by Theorem 3.3) and for C'^ with 
respect to £i. □ 

5.3 (Theorem A2). Let the hypothesis and notation he as in Theorem Al. LefTl he the 
set of partial normal subgroups of C, and let 91+ be the set of partial normal subgroups of 
T+. For each Af E Tl let J\f^^ be the set of all elements of C~^ of the form {g~^, f, g), 
such that f E Af and such that {g~^, f,g) G D+. Then there is a bijection 

01 ^01+ (Af^iAf^^)) 

where (Af^^) is the partial subgroup of C^ generated by Af^^. The inverse of this bijection 
is the mapping 

91+^91 (A/'+^A/'+nT). 
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In particular, we have S fl {M^^) = S for each A/” G 9T. 

Proof. As in the proof of Theorem Al, assume that £ is a counter-example with | A"*" — A| 
as small as possible. Dehne i?, Ai, and Ci as in the preceding proof. Let Af < C he a, 
partial normal subgroup, let A/i be the partial subgroup of Ci generated by the set 
of £i-conjugates of elements of A/”, and let A/”"*" be the partial subgroup of generated 
by the set (A/i)^^ of £+-conjugates of elements of A/i. Then Theorem 4.1 yields A/i < C 
and A/i n £ = A/”, while the minimality of | A+ — A| yields J\f~^ < £+ and Af^ fl £i = A/i. 
Then 

Af+ n £ = Af+ n £i n £ = AAi n £ = A/”. 

Thus, it only remains to show that Af~^ = {Af^^) as partial subgroups of £"*“. For this, 
the partial normality of Af^ in £+ implies that it is enough to show that Af\ C (A/”'^^). 
Set To = AA'^b and recursively dehne subsets Yk of £i, for k > 0, hy 

Yk = {Ui{w)\weW{yk-i)nB,}, 

where IIi : D 1 ^ £i is the product in £i. Then Afi is the union of the sets Yk for k > 0, 
by 1.1.9. 

Let n+ : D+ —)■ be the product in T+. Suppose now by way of contradiction that 
Afi ^ (Af^^), and let k be the least index for which there exists f EYk and g G £+ such 
that {g~^,f,g) G D+ and {g~^, f, g) ^ Af^. Then / ^ Af, so / G £i — £. Setting 
U = S'/, we conclude that U G R^. 

Suppose hrst that k = 0. Then there exists x E Af and h E Ci with {h~^,x, h) E Di 
and with / = Iii{h~^,x,h). Then U = S(^k-^,x,h)- Setting v — {g~^ , h~^ , x, h, g), we 
obtain Sy = S(g-i jg) G A+, and then = x^^ (as conjugations performed in £^). 
Thus C Af^^, and so k > 0. 

Let«; = (/i,---,/^)GW(yfc_i)nDi with / = ni(r(;). Again, we hud that f ^ C, 
and Sf = Sy, E . Set 

w' ^ {g~^,fi,g,--- ,g~^,fn,g) and w" = {g~^) o w o (g). 


Then 

Syj' = Sy,'' = S(g -1 = (S/ n SgY- 

As f,g) E D+ we obtain fa = n+(/f, • • • , fa). Here {fi)a e (Af^^) for all i, by 
the minimality of k, and thus fa e (Af^^). This completes the proof that Af^ = {Af^^), 
and thereby completes the proof of Theorem A2. □ 

Here is an application. Note that by [Hel] the product of partial normal subgroups 
of a locality is again a partial normal subgroup. 

Corollary 5.3. LetAA andAf he partial normal subgroups of the proper locality (£, A, S), 
and let (£■*“, A+,S) be a proper expansion of C. Then {AAAf)^ = AA.'^Af^. 
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Proof. For any pair X and Y of non-empty snbsets of C it follows from 1.1.9 that {X){Y) 
is a snbset of (XY). Then {M.^^ > C and so < {MN)^. 

The reverse inclnsion follows from the observation that AiM < £ fl . □ 

We wish also to obtain a version of Theorem A for localities which are homomorphic 
images of proper localities. Thns, for the remainder of this section (£, A, S) is a locality 
(not necessarily proper) on X, and A/” < £ is a partial normal snbgronp of £. Set 

T = snU. 

For any g E Mg denotes the set of all prodncts xg snch that x E M and {x,g) G D, 
and we say that Mg is a right coset of M in £. The analogons notion of left coset is 
obvions. The set of all cosets (left or right) of A/” in £ is partially ordered by inclnsion, 
and one thns has the notion of the maximal cosets of M in £. 

By 1.3.14 the maximal left cosets of M are the maximal right cosets, and these maximal 
cosets form a partition £ = C/M of £. Let p :£—)■£ be the map which sends g E C to 
the nniqne maximal coset of M containing g. By 1.3.16 there is a nniqne partial gronp 
strnctnre on £ which makes p into a homomorphism of partial gronps, and then the 
indnced map 

p* : D(£) ^ D(£) 

is snrjective. A homomorphism from a locality to a partial gronp is by dehnition a pro¬ 
jection (cf. 1.4.4) if the indnced map between the domains of their prodncts is snrjective. 
Thns, p is a projection, and it is shown in 1.4.3 that £ thereby has the strnctnre of a 
locality 

(£,A,A), 

where D = {Pp \ P E A}, and where S = Sp = S/T. An important (and elementary) 
property of any homomorphism of partial gronps (1.1.15) is that it sends snbgronps to 
snbgronps. 

The following lemma clarihes the relationship between the fnsion system A” of £ and 
the fnsion system of a homomorphic image of £. 

Lemma 5.4. Let (£, A, S) be a locality on X, and let M < C be a partial normal 
subgroup. Let (£, A, S) be the corresponding quotient locality, and let p : C ^ C be the 
canonical projection. Set T = S OM, and set X := Ag(£). 

(a) p restricts to a surjective homomorphism a : S ^ S, and a is fusion-preserving 
relative to X and X. That is, a is a homomorphism X ^ X of fusion systems. 
Moreover, if X and Y are subgroups of S containing T then the induced map 

ax,Y ■ HomMX, Y) -E Homy(X,Y) 

is surjective. 

(b) Let X < S be a subgroup of S containing T. Then X is fully normalized in X if 
and only if X is fully normalized in X. 

(c) Let X E X , and let X be the preimage of X in S. Then X E A^. 

(d) Let X E X^^, and let X be the preimage of X in S. Then X E A'^’’. 

(e) If X^^ C A then T'' C A. 
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Proof. As p is a projection we have A = {Pp \ P G A} by definition 1.4.4. Thns a : S ^ S 
is a snrjective homomorphism of gronps. For each w G W(£) and each snbgronp X of 
write for the image of U nnder the composite of the conjngation maps given 
seqnentially by the entries of w. Similarly define when w G W(£) and X < S^j. 
By definition, Hom{X) is the set of all mappings Cw : X ^ Y with X^ < Y < S, 
and similarly for Hom{X). If rc = (pi, • • ■ , pn) there is then a commntative diagram of 
homomorphisms: 

A > Y 



X -^ Y 

^wp* 


and thns a is fnsion-preserving. Snppose now that X and Y contain T, and let rc G W(£) 

with X^ < Y. By 1.3.11 there exists a p*-preimage wofw with w G YV{Nc{T)). Then 
Xw ^ and a \x = c^ocr | Y as maps from X to Y. That is, the A-homomorphism 

: A —)■ y is in the image of c7x,y, and thns (a) holds. 

Point (b) is given by the observation that if A is a snbgronp of S containing T then 
Ns{X) = N-g{X). Now let A G let A be the preimage of A in S, and let Y be an X- 
conjngate of A. Then Y is an A-conjngate of A, so C-gfY) < Y, and hence Cs{Y) < Y. 
This proves (c). Now assnme fnrther that A G X^^, and let Y G X^ with Y fnlly 
normalized in X. Then Y is fnlly normalized in X by (b). Set Q = Op{Nx{Y)). Then 
Q < Op{Ny{Y)) by (a), so Q = A, and hence Q = Y. This shows that A G X^'^ (as 
defined in 1.1), and proves (d). Point (e) is immediate from (d). □ 

If (£, A, S) is a proper locality on X, then the qnotient locality C/Af (see 1.4.5) need 
not be proper. For example, let (A/*, F, T) be a direct prodnct of pair-wise isomorphic 
proper localities (A/i,Fi,Ti) with 1 < i < k. This means (cf. 1.1.17) that the nnderlying 
set of Af is the direct prodnct of the sets A/), D(A/') is the direct prodnct of the domains 
D(A/)) (with the obvions prodnct and inversion), F is the direct prodnct of the collections 
Fi, and T is the direct prodnct of the gronps X. Then, let C be the partial gronp obtained 
as the natnral semi-direct prodnct Af H, where H is the symmetric gronp on k letters. 
(The reader shonld have no difficnlty, at this stage, in defining the partial gronp £.) Let 
S' be a maximal p-snbgronp of C containing T, and let A be the set of all P < S snch 
that P n T G F. Then (£, A, S) is a proper locality, while C/Af is isomorphic to the 
gronp H, which is a proper locality if and only if /c = 1, or (/c,p) is (2, 2), (3, 3), or (4, 2). 
Thns, Theorems Al and A2 are not directly applicable to homomorphic images of proper 
localities. 

Theorem 5.5. Let (£, A, S) be a locality on X, let Af < C, let C = C/Af he the quotient 
locality, and let p : C ^ C he the canonical projection. Assume that C is proper, and let 
A+ be an X-closed set of subgroups of S such that A C A+ C X^. Let (£+, A+,S) be 
the expansion of C to A+, set A"*" = {Pp \ P G A+}, and set X = Xy{C). 

(a) There is a locality (£^,A''~,S) on X whose restriction to A is C, and C^ is 

34 



unique up to a unique isomorphism which restricts to the identity map on C. 

(b) There is a unique projection p"*" : £+ —)■ C whose restriction to C is p. Moreover, 
Ker{p^) = , where is the normal closure of Af in £+ given by Theorem 

A2. 

Proof. Note first of all that since C A we have jF C A by 5.4(e). Notice also that if 
A = A+ then there is nothing to prove, so we may assnme that A is properly contained 
in A+. 

Among all J^-closed sets Ai with A C Ai C A+, let Ai be maximal snbject to the 
condition that (a) and (b) hold with Ai in the role of A"*". Then Ai is a proper snbset 
of A+, and by replacing A with Ai we rednce (as in the proof of Theorem Al) to the 
case where A+ = A U for some R < S. 

Take R to be fnlly normalized in R, and snppose that T R. Then RT G A, and 
then A^p = Ap = A. Then (£, A, S) is the nniqne locality on R whose restriction to A 
(namely, itself) is £, and thns (a) holds in this case. In order to verify (b) in this case 
recall that, by Theorem Al, £+ is the “free amalgamated prodnct” in the category of 
partial gronps of the “amalgam” given by the inclnsion maps Cq ^ C and Cq —)■ Cq. 
Point (b) will follow if: 

(1) There is a nniqne homomorphism pj : C snch that p^ agrees with p on 

_ _ _ _ 

(2) po+ indnces a snrjection D(£q ) —)■ D(£o )7 where Cq is the set of all / G £ such 
that Sj contains a J^-conjugate of R. 

(3) Ker{p+) = Af+. 

Versions of the same three points will need to be verihed in the case where T < R, and our 
approach will be to merely sketch the proofs in each case, leaving some of the entirely 
mechanical details to the reader. Thus, let $ be the set of triples {x~^,g,y) dehned 
following 3.4, let ~ be the relation on $ dehned in 3.10, and let p* : W(£) —)■ W(£) be 
the p-induced homomorphism of free monoids. Then p* maps $ into D(£), and it may 
be routinely verihed that the composition 

$ A D(£) A c 

is constant on Ri-classes. Thus, there is a mapping p^ : —)■ C given by [x~^,g,y] i—)■ 

n(x“^,p, p). The verihcation that Pq" is a homomorphism is also routine, and yields (1). 
Since p* maps D(£) onto D(£), (2) is then immediate. As Ker{p'^) fl £ = Af, (3) is 
immediate from Theorem A2. Thus, the theorem holds if T R. 

Assume henceforth that T < R. Then N-^{R) = Nc{R)), since each element of £ 
has a p-preimage in NciT) by 1.3.11. Then N-^{R) is a subgroup of £ by 1.1.15. Thus 
Hypothesis 3.2 is satished, with £ and R in the roles of £ and R. Theorem 3.3 then 
yields (a). For the same reasons as in the preceding case (and because the verihcation of 
(3) did not in fact make use of the hypothesis that T ^ R) it now sufhces to verify: 

(4) There is a unique homomorphism p^ : Cq —)■ £^ such that pj" agrees with p on 
£o- 
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(5) po+ induces a surjection D(£q') —> D(£q ), where is the set of all / G 
such that Sj contains a J^-conjugate of R. 

Let $ and p* be as above, and dehne $ to be the set of triples 4> — such that 

one has 

u 

(a sequence of conjugation isomorphisms between subgroups of S, labeled by the conju¬ 
gating elements), with N^{U) < S^-i, and with N^iV) < Sy-i. Then p* maps $ onto 
$ by 5.4(a). It need cause no confusion to denote also by ~ and ~ the two equivalence 
relations on $ given by direct analogy with 3.4 and 3.9. Again by means of 5.4(a), one 
verihes that the restriction of p* to $ preserves these equivalence relations, and hence 
induces a surjective mapping Pq Cq —)■ Here Cq is by dehnition the set of elements 

f E C such that Sf contains an J^-conjugate of R, and any such / is identihed with its 
~-class [/], consisting of all those G $ fl D(£) such that n((/)) = /. The analogous 
dehnition of Cq leads to the conclusion that the restriction of Pq to Cq is the (surjective) 
homorphism po : Cq ^ Cq induced by p. The verihcation that p^ is a homomorphism, 
and hence that (4) holds, is then straightforward. 

Set Dq" = D(£q') and DfJ" = D(£o^)5 let W G and write W = {[(f>i\, • • • , [(f>n\)- 
Here is the ~-class of an element = (T~^,^j,yj) in $, and the representatives 4)^ 
may be chosen so that the sequence 7 = ((/)]^, • • • , (f)^) is a T-form of W, as dehned in 3.11. 
That is, the word 



has the property that S^- contains a J^-conjugate of R. Let (pi be a p*-preimage of pi in 
$, set 7 = ((/>!, • • • , pn): let [pi] be the ~-class of pi (in Td"), and set w = ([(/>i], • • • , [Pn])- 
One verihes that 7 is a T-form of w, and hence that w G D^J". Since p* maps w-y to mJ-, 
it follows that p^ induces a surjection as required in (5). Thus (5) holds, and the proof 
is complete. □ 

The preceding result is essentially a generalization of Theorem Al to homomorphic 
images of proper localities. Here is the corresponding version of Theorem A2. 

Theorem 5.6. Let the hypotheses and the setup be as in the preceding theorem. Let 
1C be a partial normal subgroup of C, and let K. be the p-preimage of K. in C (a partial 
normal subgroup of C, by I.f.l). Let /C+ = {IC^^) be the partial normal subgroup of C^ 

_i- __i- 

given by Theorem A2, and let 1C = {1C ) be the partial subgroup of C generated by 

the set of C -conjugates of elements of 1C. Then: 

(a) restricts to a surjective homomorphism /C+ /C"*" of partial groups, with 

kernel . In particular, /C+ = 1C . 

(b) IC^ < C+, and nC = lC. 

Proof. Let .h be the set of partial normal subgroups of C containing A/”, A"*" the set of 
partial normal subgroups of T+ containing A/”"*", A the set of partial normal subgroups of 
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and the set of partial normal snbgronps of . By 1.4.7 there are bijections 

.h —)■ .h and —)■ .h"*", 

by which a partial normal snbgronp is sent to its image in C (or in ) nnder the 
canonical projection p (or p+). By Theorem A2 there is a bijection A — )■ .h"*" which 
sends /C G .h to /C+ = These three bijections form three sides of an obvions 

commntative diagram whose fonrth side is a bijection 

(*) (JC^ IC^) 

As maps D(£+) onto D(£^), the correspondence (*) is given by 

_u _ 

K/ = (/C ), 


which yields the theorem. □ 


Section 6: The fusion system of a proper locality 

We have avoided the notion of “satnration” for fnsion systems so far in this work, 
and in fact we are seeking a snbstitnte for it which may be more in harmony with the 
approach via localities. Theorem 6.1 will provide snch a snbstitnte; bnt in the interest of 
giving a short proof we shall in fact rely on known resnlts in [AKO], [5a], and [He2] on 
satnrated fnsion systems. (The sitnation will be different in the parallel series of papers 
with Gonzalez where, other than in some special cases, there will be no snch resnlts on 
which to rely.) The reader shonld recall the dehnition of indnctive fnsion system from 
1.11. For the dehnitions of satnrated fnsion system on A, fnlly antomized snbgronp of 
S', and receptive snbgronp of S, we refer the reader to [dehnition 1.2.2 in AKO]. 

Theorem 6.1. Let T = be the fusion system of a proper locality (£, A, S). Then 

T is inductive; and for each V < S with V fully normalized in T the fusion systems 
Nj^fV) and Cj^fV) are {cr)-generated. 

Proof. Let Q G A. Then each J^-antomorphism of Q is given by conjngation by an 
element of Njc{Q), and so Autj^{Q) = Nc{Q)/Cc{Q). Assnme that Q is fnlly normalized 
in J^. Then Ns{Q) G Sylp{Njr(Q) by 2.1, and hence Auts{Q) G Sylp{Autj^{Q)). That 
is, Q is fnlly antomized in iF. Now let P be an J^-conjngate of Q, let (/> : P —)■ Q be an 
P-isomorphism, and let P be a snbgronp of Ns{P) snch that 

(*) (f)~^AutR{P)(f) < AutsiQ). 

Then (f) is conjngation by an element g E C, and 1.2.3(b) shows that (/-conjngation is 
an isomorphism from Njr(P) to Njr(Q). Thns P® is a p-snbgronp of and the 

condition (*) implies that P® < Cr{Q)Ns{Q). As Ns{Q) G Sylp{CR{Q)Ns{Q)) there 
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exists h G Cj^{Q) such that < Ns{Q). Then conjugation by gh is an extension of (f) 
to an J^-homomorphism 4>: R ^ Ns{Q)', which is to say that Q is receptive in R. Thus 
R is A-saturated. By Theorem Al we may assume R^ C A, and then [Theorem 2.2 in 
5a] implies that R is saturated. 

Let y < A be fully normalized in R^ and let X be an J^-conjugate of Y. Any R- 
isomorphism A —)■ T conjugates Autj^{X) to Autj^iY). As R is saturated, Y is fully 
automized, and so there exists an A-isomorphism 'ip : X ^ Y such that tp conjugates 
Auts{X) into AutsiY). As also Y is receptive, tp extends to an A-homomorphism 
Ns{X) —)■ Ns{Y), and thus R is inductive. By [Theorem 1.5.5 in AKO], NciX) and 
Cc{X) are saturated, and these fusion systems are then (cr)-generated as an immediate 
consequence of Alperin’s fusion theorem [Theorem 1.3.5 in AKO]. □ 

We wish to expand on 6.1, by showing that if V is fully normalized in R then Njr[V) 
and Cj^{V) are fusion systems of proper localities. The following lemma will be needed. 

Lemma 6.2. Let R he the fusion system of a proper locality, let V he fully normalized 
in R, and let P he a subgroup of Ns{V) containing V. Then P is centric in R if and 
only if P is centric in Nj^iV). 

Proof. Set Rv = Nj^fV). We are free to replace P by any A\/-conjugate of P, so we 
may assume that P is fully normalized in Ry. As R is inductive by 6.1, P is then fully 
centralized in R by 1.16. Then P G R^ if and only if Cs{P) < P by 1.10. As K < P we 
have Cs{P) = C'jVs(i/)(P), and the lemma follows. □ 

Proposition 6.3. Let (£, A, S) be a proper locality on R, and let V < S be a sub¬ 
group of S such that V is fully normalized in R. Then there exists a proper locality 
{Cv,Ay,Ns{V)) on Njr(y), and a proper locality (CyjYyjNsfV)) on 

Proof. By Theorem Al we may take A = R^. Set Ry = Njr(V), and set Ay = (Ry)^. 
Further, set 

Cy = {geNciV)\Ns^iV)eAy}, 

and write 

Dy = Da, ={we WiNciV)) \ NsjV) G Ay}. 

Then 6.2 yields Vy C R^, and Ay = {P G A | K < P}. Notice that n(r(;) G Cy for any 
w G Dy, by 1.2.5(c). It is then a straightforward exercise with dehnition 1.1.1 to verify 
that Cy is a partial group with respect to the restriction By : Dy — )■ Cy of 11, and 
with respect to the restriction to Cy of the inversion in C. Since {RyY is Py-closed, it 
is immediate from the above dehnition of Ay and from dehnition II.2.1 that (£y. Ay) 
is objective. As V is fully normalized in R, Ns{V) is a maximal p-subgroup of Cy by 
1.2.11(b). Thus {Cy,Ay,Ns{V) is a locality. Set £y = Rj\[g(^y){Njr(V)). Then £y is a 
fusion subsystem of Ry. Since (Ry)^^ C Ay, and since Ry is (cr)-generated by 6.1, it 
follows that Sy = Ry. Let P G Ay. Then 

NcAP) = ^iv.(F)(f) = iv„^(p)(r), 
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and hence N£^{P) is a gronp of characteristic p by 2.7(b). Thns (£y, Ay, A^ 5 (y) is a 
proper locality on Nj^iV). 

We may assnme henceforth that C = Cy Set E = Cj^iVy and dehne CciV) to 
be the set of all (7 G £ snch that = g for all x E V. One observes that CciV) is a 
partial normal snbgronp of C, with S r[Cc{V) = CsiV). Set H = ^£((75(1/^)). Then 
C = HCc{V) by the Frattini Lemma (1.3.11), and 1.5 shows that H acts on Cj^{V). 
Then E is J^-invariant. Now let A G E. Then each A-conjngate of yA is of the form 
VY where Y G . Then A G E, and so 

Cs{VY) = Cc,(v)(y) < y < rF. 

This shows that AA G for A G E. 

Set Cv = {g E Cciy) I Csgiy) E E}, and write 

E = Ds = {«) G W(Cy) I CsAV) e E}. 

Then E C D, and 11 restricts to a mapping E —)■ Cy which, together with the restriction 
of the inversion in £, makes Cy into a partial gronp, and which makes (Cy,E) into an 
objective partial gronp. As Cs{V) is a maximal p-snbgronp of C'/:(A), by 1.3.1(c), Cs{V) 
is also a maximal p-snbgronp of Cy- Thus (Cy, E, C' 5 (A)) is a locality. As Cj^{Vy^ C E 
we hnd that Cj^iV) = A(7g(y)(Cy). For A G E, Ncy{X) is a normal subgroup of 
the group Njr(VX), and then 2.7(a) shows that Ncy{X) is of characteristic p. Thus 
(Cy, E, C'5(A)) is a proper locality on Cj^iV). □ 

The next few results concern the set of A-subcentric subgroups of the fusion system 
A of a proper locality; and the proofs are variations of the proofs of corresponding results 
in [He2]. There are several reasons for providing a complete treatment here, and for not 
simply quoting from [He2]. One of these is that all that will be needed from Theorem 6.1 
(whose proof mainly consisted in showing that A is saturated) is that A be inductive. 
A second reason is that we wish to have arguments which will apply in a more general 
setup in which C is not necessarily hnite. 

The key insight into A^ is given by [Lemma 3.1 in He2], which we prove here as follows. 

Lemma 6.4. Let A he the fusion system on S of a proper locality, and let V < S be 
fully centralized in A. Then A G A® if and only if Op{Cj^(y)) is centric in Cj^iV). 

Proof. If U E is fully normalized in A then 1.14 yields an isomorphism Cj^(U) = 
C'jv(A) of fusion systems. We may therefore assume to begin with that A is fully normal¬ 
ized in A. Set Ay = Nj^{V) and R = Op{Pv). Also, set Cy = Cj^iV) and Q = Op(Cy). 

Suppose hrst that the lemma holds with Ay in place of A. That is, suppose that R is 
centric in Ay if and only if Q is centric in Cy. Since R E (Ay)^ if and only if A G A'^ by 
6 .2, we then have the lemma in general. Thus, we are reduced to the case where A < A, 
and R = Op (A). 

Fix a proper locality (£, A, S) on A. We may assume that A^ C A by Theorem Al. 
Suppose that A G A®. Then R E A'^, so A G A, and C is the group Njr(R). Notice that 
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[R, CsiVQ)] < CpiiyQ) < Q, and that both R and Q are normal snbgronps of C. Then 
CsiVQ) < -R by 2.7(c). Then also 

Ccsiv){Q) = CsiVQ) < Cr{V) < Q, 

and thns Q is centric in Cj^iV). On the other hand, assnming that Q is centric in Cj^iV)^ 
we obtain 

CsiR) < CsiVQ) <Q<R, 

and so R G as reqnired. □ 

Corollary 6.5. Let R be a fusion system of a proper locality. Then 

jrcr c jrc c 7^9 C RL 

Proof. We have R^'^ C R^ by dehnition. Let (£, A, S) be a proper locality on R”, and 
P < S he fnlly normalized in R. If P G R^ then Cj^iP) is the trivial fnsion system 
on ZiP), and so R G R'^. Now snppose instead that we are given P G R*^. Then 
Op(C'^(g)) = CsiQ): and then R G R" by 6.4. □ 

Corollary 6.6. Let R be the fusion system on S of a proper locality, and letV < S with 

V fully normalized in R. Then 

{Q G N^iV)^ \ V<Q}CRL 

Proof. One need only observe that Cj^iV) = Ccjr{v)iV)^ in order to obtain the desired 
resnlt from 6.4. □ 

The next resnlt is [lemma 3.2 in He]. 

Theorem 6.7. Let R be the fusion system of a proper locality. Then R® is R-closed. 

Proof. Fix a proper locality (£, A, S) on R, with A = R^. Let U, V be snbgronps of 
S. By 1.14, Nj^iLf) = Nj^fV) if R and V are R-conjngate snbgronps of S, so R® is 
R-invariant. Clearly S G R®. Thns, we are rednced to showing that R^ is closed with 
respect to overgronps in S. 

Among all V G R^ snch that some overgronp of R in A is not snbcentric in R, choose 

V so that |R| is as large as possible. Then there exists an overgronp R of R in A snch 
that R ^ R® and snch that R has index p in R. Then R < NsiV). Let U G V^ snch 
that U is fnlly normalized in R. As R is indnctive by 6.1, there is an R-homomorphism 
(f ): NsiV) —)■ NsiU) snch that Vf = Lf. Then Pf ^ R® as R^ is R-invariant, and so we 
may assnme to begin with that R is fnlly normalized in R. Set Ry = Nj^fV). Replacing 
R with a snitable R\/-conjngate of R, we may assnme that R is fnlly normalized in Ry. 

Snppose that R G (Rv)^. As C'jp-(R) = C'jr^(R) we then obtain P & R^ from 6.4. 
Thns R ^ iRy)^, so Ry is a connterexample, and we may therefore assnme that Ry = R. 
Then Op(R) G R'^, so R G A, and £ is a gronp of characteristic p. Then N^iP) is of 
characteristic p by 2.7(b), and since R is fnlly normalized in R we have also Ajp-(R) = 
RNs(P)iNciP))- Then C>p(iV^(R)) G iV^(R)^ and hence Op(iV^(R)) G R^ by 6.2. Thns 
R G R^, as reqnired. □ 

The following resnlt is immediate from 6.7 and Theorem Al. 
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Corollary 6 . 8 . Let T be the fusion system of a proper locality. Then there exists a 
proper locality (£, A, S) on T with A = □ 

The following result is [lemma 3.3 in He]. 

Lemma 6.9. Let T be the fusion system on S of a proper locality, and let P < S with 
Op{P)PePL Then Pe PL 

Proof. Among all counter-examples, choose P so that |P| is as large as possible. Set 
Q = Op(P), and let 4> : P ^ P' be an J^-isomorphism such that P' is fully normalized 
in P. Then f extends to an J^-isomorphism PQ —)■ P^Q, so P'Q G P^. Thus we may 
assume that P is fully normalized in P. 

Set £ = N^{P) and set D = Nq{P). Then D < Op{£). If D < P then P = PR, 
and P is not a counter-example. Thus D ^ P, and DP G P^ by the maximality of 
|P|. Since Ns{P) < Ns{PD) we may assume that P was chosen so that also PD is 
fully normalized in P. Set R = Ns{PD). By 6.8 P is the fusion system of a proper 
locality £ whose set of objects is P^. Then G := Nc{DP) is a group of characteristic 
p, R E Sylp{G), and PrIG) = Nr{DP). Since each T-homomorphism extends to an 
AjF(T)P)-homomorphism, £ is then the fusion system of Nq{P) at Ns{P). As G is of 
characteristic p, so is Na{P), by 2.7(b). Thus Op{£) is centric in £, and hence centric in 
P by 6.2. Thus P E PL □ 

This ends our treatment of P^. We end the section with the following technical result, 
which will be needed in Part III (for the proof of III.9. 8 ). 

Lemma 6.10. Let C be a proper locality on P, let P E P^"^, letT < S be strongly closed 
in P, and let £ be an inductive fusion system on T such that £ is a subsystem of P. 
Then there exists Q E P^ with QE\T E £^. 

Proof. Set U = P E\T and set A = Ncj.{u){P)- Then [P, A\ < U, and thus A centralizes 
the chain {P P U P 1) of normal subgroups of the group Njr{P). Then A < oAmp)) 
by 2.7(c), and then A < P by an application of 2.3 to the fusion systen Nt(P). Thus 
Gt{U) < P, and so Gt{U) < U. 

Let V E be fully normalized in P. As P is inductive by 6.1, there exists an 
P-homomorphism cf) : Ns{U) -E Ns{V) with Lfcf) — V. Set Q = Pf). Then Q E P^^, and 
so Gt{V) < H by the result of the preceding paragraph. Let V E . Then V' E , 
and so there exists an P-homomorphism if : Ns{V') -E Ns{V) with V = V%f. Then 
NT{V')ifi < Nt{V) as T strongly closed in P, and thus \Nt{V')\ < |At( 1/)|. This shows 
that V is fully normalized in £. As £ is inductive, V is fully centralized in £ by 1.13. As 
Gt(V) < H, H is then centric in £ by 1.10. □ 


Section 7: and (A/”) 

Definition 7.1. Let (£, A, S) be a locality, let A/” ^ £ be a partial normal subgroup of 
£, and set T = S' fl A/”. Set 

K = {/C < £ I /CT = AA} and K' = {JC' < C \ T < /C}, 
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and set 


OP(AA) = pjK and O^'(AA) = p|K'. 

Write OP{C) for 0^(£), and 0^ {C) for 0^'(£). 

Proposition 7.2. 0^{J\f) G IK and (A/") G IK' 

Proof. Let /Ci,/C 2 G IK, set JC = JCi n/C 2 , and set = S' fl/C^ (i = 1,2). Let x G /Ci. 
Then X G M = /C 2 T, so we may write x = yt with y G /C 2 and t G T. Then Sx = Sy^ so 
{y~^jx) G D and y~^x = t. Thns t G S fl /C 1 /C 2 , and so t G T 2 T 1 by [Hel, Theorem A], 
This shows that /Ci < /C 2 (T 2 Ti). As 


/C2(T2Ti) = (/C2T2)Ti = /C2T1 

by 1.2.9, we obtain /Ci < /C 2 T 1 . The Dedekind lemma (1.1.10) then yields 

/Cl = /Cl n /C2T1 = (/Cl n /C 2 )Ti = /cTi < /ct, 

and so /CiT < /CT. As /CiT = J\f we conclnde that /CT = A/”, and thns /C G IK. As IK 

/ 

is hnite, iteration of this procednre yields G IK. The proof that (AC) G IK' is 

simply the observation that T < n K'. □ 

Lemma 7.3. Let be either of the symbols “p” or “p', let (£,A,S) be a proper 
locality, and let (£+,A"'“,S) be an expansion of C. Let AC < £, and for any partial 
normal subgroup fC < C let /C"*" be the corresponding partial normal subgroup of £"*“ given 
by Theorem A2. Then = 02+(AC+). 

Proof. Write IK+ for the set of all /C+ with /C G IK. Then 

(□*)+ < ncK-") 

as P|(IK+) is a partial normal snbgronp of T+ containing The reverse inclnsion is 

given by Theorem A2, along with the observation that 

C n (fl(D^+)) = ^ /C+};C6K = fl”^- 

Thns the lemma holds for “p”, and the same argnment applies to “p'”. □ 

Lemma 7.4. Let M and M be partial normal subgroups of C, with Af < M.. Let be 

either of the symbols “p” or “p'. Then 0'f{J\f) < 

/ / 

Proof. Since (Ad) is a partial normal snbgronp of C containg SdAf, we have (AC) < 

(Ad) by dehnition. Set /C = 0^{AA), set C = T//C, and let p :£—)■£ be the 
canonical projection. Then (S'nAd)p = Adp > ACp, and hence ACp = (S'nAC)p. Snbgronp 
correspondence (1.4.7) then yields AC < /C(S'nAC), and then O^(AC) < /C by dehnition. □ 
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